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Abstract

We introduce RGFlow, a deep neural network—based real-space renormalization group (RG)
framework tailored for continuum scalar field theories. Leveraging generative capabilities of
flow-based neural networks, RGFlow autonomously learns real-space RG transformations from
data without prior knowledge of the underlying model. In contrast to conventional approaches,
RGFlow is bijective (information-preserving) and is optimized based on the principle of min-
imal mutual information. We demonstrate the method on two examples. The first one is a one-
dimensional Gaussian model, where RGFlow is shown to learn the classical decimation rule. The
second is the two-dimensional ¢* theory, where the network successfully identifies a Wilson—
Fisher-like critical point and provides an estimate of the correlation-length critical exponent.

1. Introduction

The renormalization group (RG) framework is one of the cornerstones of modern theoretical physics, a
powerful tool for analyzing systems with interacting degrees of freedom (DOFs). It is typically formu-
lated for effective actions of the form S(K), where K denotes a set of coupling constants and the theory
includes an ultraviolet (UV) cutoff. In this work, we consider real-space RG transformations, in which
the cutoff corresponds to the minimal spatial scale—such as the nearest-neighbor distance a on a lat-
tice. The RG formalism describes how the parameters K evolve as this scale is varied. Over the decades,
a range of techniques have been devised to implement such transformations. Among them, the block
decimation method for spin systems is widely used: the system is divided into local clusters, and rules
like majority voting or simple averaging are applied within each block to define new coarse-grained vari-
ables. This leads to an RG map K’ = R(K) and an effective rescaling of the lattice constant to a’ = ba,
with b > 1. Of particular interest are the fixed points of this map, which correspond to phases if these
fixed points are stable or phase transitions if they are unstable. For example, the celebrated Wilson—
Fisher fixed point (figure 1) describes the Ising-like ferromagnetic transition of the ¢* field theory.
However, traditional RG schemes have some limitations. Their effectiveness often depends on the
choice of block structure and averaging rules. While increasing cluster size can improve accuracy, it also
makes the RG transformation more complex and analytically intractable. Moreover, designing an RG
flow that captures the key physics requires significant human intuition—one must often guess the rel-
evant order parameters in advance and construct rules tailored to them. For example, the naive block-
spin majority-vote RG scheme does not directly apply to antiferromagnetic systems, as the coarse-
graining rule must be adapted to account for the underlying antiferromagnetic order in order to pre-
serve the relevant ordering at larger scales. Therefore, it is desirable to develop automated, data-driven
RG approaches that do not rely on human intuition to construct coarse-graining rules, but can instead
learn them directly from microscopic configurations sampled from models at different length scales.

© 2026 The Author(s). Published by IOP Publishing Ltd
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Figure 1. A cartoon drawing of the Wilson—Fisher fixed point of the ¢* model in d = 4 — € dimension. The arrows indicate
the directions of the RG flow. For the definition of the model and its parameters r, u, see equation (25).

Recently, deep neural networks (DNNs) have emerged as powerful tools for automating complex
tasks across a wide array of scientific disciplines. Applications range from data interpretation and fea-
ture extraction in microscopy [3, 6, 19, 31, 54, 55] to the design and optimization of photonic or elec-
tronic devices [7, 16, 20, 22]. In statistical physics, DNNs have also been applied to design effective RG
transformations at the configuration level. A central question in this line of work is to identify a guiding
principle that defines the optimal RG rule. Koch-Janusz and Ringel [29] and Lenggenhager et al [33]
proposed that the RG transformation should maximize the mutual information between the coarse-
grained DOFs and their environment. Hu et al [24] put forward a complementary perspective, advoc-
ating that the RG transformation should instead minimize the mutual information among the irrelevant
(decimated) DOFs. These principles have been implemented using a variety of architectures: flow-based
models [2, 46], restricted Boltzmann machines [8], and related variational approaches [18, 40], as well
as diffusion models [45]. Many of these works focus on finding the optimal RG transformation at the
configuration level rather than on the flow of model parameters in coupling space. Recent studies by Di
Sante et al [14], Ueda and Oshikawa [48], and Hou and You [23] have begun to explore RG flows in
systems with discrete variables (spins). Here we extend this direction to continuum scalar field theories
by combining the minimal mutual information principle with flow-based generative models to compute
the RG flow of coupling constants directly.

In this work, we present RGFlow, a DNN-based real-space RG framework tailored to continuum
scalar field theories. Our approach learns transformation rules from data and generates RG flow dia-
grams that encapsulate the model’s fixed points and critical exponents. The structure of this paper is as
follows. Section 2 introduces the architecture of RGFlow and details the network design. In section 3,
we consider the RGFlow optimization problem for a one-dimensional (1D) Gaussian model, which is
analytically solvable. Section 4 demonstrates the application of RGFlow to the two-dimensional (2D) ¢*
theory, revealing a Wilson—Fisher-like critical point (figure 1) and estimating associated exponents. We
end with concluding remarks in section 5.

2. RGFlow architecture

Consider a lattice field theory defined on a d-dimensional cubic lattice. Let ¢(x) € R denote a scalar
field configuration sampled from the fine-grained action Syv [¢(x);Kuyy], which is defined on a lattice
with (2N)4 sites (with x = (x1,X,,--- ,x4) coordinating the lattice site). Likewise, let ¢)(x) denote a con-
figuration sampled from the coarse-grained action Sig [¢/(x); Kir], defined on a coarser lattice with N*
sites. Here, Kyy and Kir represent the sets of coupling constants at the UV and infrared (IR) scales,
respectively.
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The probability density functions associated with these field configurations are given by the
Boltzmann distributions (assuming unit temperature):

e—Suv[iKuv]
Pyy [¢] = Tz

e—SmW;K[R] (1)
P[] = T e

where Zyy /g = Z[ 81/1%] e~ Suv/ represents the partition function. From a probabilistic point of view, a
general RG transformation can be described using the conditional probability Py[t)|¢] where 6 denotes
the set of parameters that parametrize the local transformation (coarse-graining) rule, such that the
coarse-grained (IR) and fine-grained (UV) probability density functions are related by the integral

P[] = / Do Py [1]6]Pov (4] @)

It is evident that there is substantial freedom in the choice of RG transformations as parameter-
ized by some 6, and most choices do not yield physically meaningful predictions. Traditionally, RG
transformations are optimized by imposing constraints on the physical properties of the transformed
action. For instance, one class of methods computes magnetic scaling exponents independently from
both the free energy and the correlation functions, and then enforces their consistency [26, 50]. Another
approach involves optimizing the variational lower and upper bounds on the free energy prior to the
transformation [25, 35, 36]. However, these methods typically involve a limited number of tunable para-
meters, due to the computational complexity and analytical effort required. More recently, optimization
principles based on information theory have been introduced. Unlike the traditional approaches, these
methods directly optimize probability densities, therefore substantially reducing computational overhead.
This advancement enables the RG transformation to be represented by much more complex models,
such as restricted Boltzmann machines [29, 33], or even neural networks [24].

In this study, we adopt the minimal bulk mutual information principle formulated previously
in [24]. This principle posits that the RG transformation should eliminate irrelevant features—defined as
those DOFs that exhibit minimal mutual information. In the ideal case, this minimum is achieved when
the decimated DOFs are mutually independent and behave as decoupled random noise. The motivation
for this principle comes from the well-known fact that mutual information provides an upper bound
on statistical correlation functions (see appendix A). By minimizing the mutual information among the
discarded DOFs, the optimized RG transformation effectively suppresses irrelevant correlations and com-
presses the relevant physical information into the coarse-grained variables. Furthermore, [24] establishes
the equivalence between the minimal bulk mutual information principle and the more widely studied
maximal real-space mutual information principle [29, 33], which aims to maximize the mutual informa-
tion between the coarse-grained field and its surrounding fine-grained environment. In our formulation,
we model the irrelevant features [denoted by £(x)] as independent Gaussian random variables with dis-
tribution P[§] = N(0,1), so that the minimal bulk mutual information criterion is satisfied by design.

Additionally, we have chosen our RG map to be bijective. Instead of discarding the irrelevant fea-
tures, as in traditional RG, we keep them. The coarse-grained configuration and the generated random
noises then jointly form a ‘latent configuration,” which shares the same dimension as the fine-grained
one. Such kind of information-preserving RG transformation has been successfully applied to a variety
of field theory models [32, 52, 53]. Finally, we implement our bijective RGFlow network using so-called
normalizing flow architecture [28, 38, 39], whose network parameters become the aforementioned set
of parameters 6 characterizing the RG transformation. The optimality is achieved through training the
neural network.

The proposed RGFlow renormalization scheme utilizes a local transformation rule in the inverse
renormalization direction and generates ¢ from 1 in the following three steps. (I) Sample a coarse-
grained configuration v and a vector & of irrelevant features of size (2N)¢ — N* from P [¢] and P[¢]
respectively. (II) ¢ and ¢ are expanded using zero-padding and reshaped into size (2N)¢. The result-
ing configuration consists of N% RG cells of 2¢ sites. Each RG cell contains one lattice site from 1 and
24 — 1 sites from &. (III) This configuration is given as an input to the network, which generates a pre-
dicted fine-grained configuration ¢’(x). The rescaling factor for our RG scheme is b =a’/a = 2 since
the configuration size has doubled following this procedure. The above RG steps are depicted in figure 2
for the case d=2. It is important to notice that our RGFlow scheme is similar to the NeuralRG [46].
Both architectures treat the irrelevant DOFs as mutually independent Gaussian noises and use a neural
network to approximate the bijective RG transformation. Further, the RGFlow model could be viewed

3
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Figure 2. An example of the proposed RGFlow scheme in 2D. Coarse-grained configurations 1) (in orange) and irrelevant fea-
tures £ (in greens) are sampled from corresponding expressions before zero-padded and reshaped into size 4 x 4. The expan-
ded configurations are consisted of four identical RG cells of size 2 X 2 (The dashed black boxes). There are one coarse-grained
site and three irrelevant features in one cell. 1) and £ make up the latent configuration z. They are then treated as two different
channels and inputted to the RGFlow network, which generates the predicted fine-grained configurations ¢’. The colors in ¢’
represent field strengths.

as the first layer in the hierarchical NeuralRG structure. However, there still exists a major difference. In
the NeuralRG model, the fine-grained configuration is mapped entirely to a random noise, whereas in
the RGFlow scheme, we still keep track of the coarse-grained coupling constants Kz and therefore their
renormalization.

To further simplify the notation, we define z= (¢,&) to be our latent configuration and we denote
the RG transformation by z= Ty(¢) where 0 are the network parameters. We can express the model
distribution P{jy[¢] for the RGFlow predicted fine-grained configurations ¢’ using Pr[¢)] and P[¢] as

Py [¢] =Plz] /det]r—i (2) , Jr—i(2) = 61%72(2)' 3)

Here Jy—1(z) is the Jacobian matrix of the transformation and Plz] is the probability distribution
function of z:

Plz] = P[] P[€]. (4)

Using equations (3) and (4) we can explicitly express the conditional probability in equation (2) as

Py []6] = W&(T;%z)—qb). )

Our goal is to construct Ty such that the generated fine-grained configurations ¢’(x) have the same
probability distribution as true ¢. This requires maximizing the similarity between P{;;[¢] and the ideal
distribution Pyy[¢] from equation (1). A popular measure of the similarity between two probability
distributions is the Kullback-Leibler (KL) divergence. However, since the partition function Zyy and
Z1r are intractable for most lattice field theories, direct evaluation of the KL divergence is impossible.
Therefore, we instead choose the Fisher divergence, which takes the following form:

H 5longV [¢]  dlogPuv [¢]

Dk (Pl || Puv) =

A o9 |, ©)
_ H 0Shy ¢,Km] 0Suv [é; Kuv]
NP/V[¢ 5¢ 5¢ 2
Equation (6) can be easily evaluated since we have from equations (3) and (4)
Sy [0:Kir] = S, [z Kir] + logdetJ7—1 (2) (7)
1
S, [z Kir] = Sir [¢; Kir] + E§T§7 (8)
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where S,[z;Kig] is the latent action. The Jacobian matrix of the RG transformation is J7(¢) = g—; =
5%’7?. Applying the chain rule for derivatives, we transform the Fisher divergence to
2
0 (S, [z; K| + logdetJr—1 (z 8Suv [T, (2):K
DF(PL/JV H PUV): E ( [ IR] g T ( )) _ UV[ 0 ( ) UV] ]T(¢) (9)
z~P,[Z] 0z 0z X

Since for a meaningful RG map Jr(¢) should not vanish, we drop this factor and define our training loss
function to be

2

L(KIR,Q) == ]E

z~P, 2]

(10)

5 (Sz [Z; KIR] + logdet]T_1 (Z)) _ 58{}\] [Te_l (Z) ;KUV]
0z 0z

2

This loss function has the same global minimum (zero) as Dg. Evaluating L(Kg, ) requires comput-
ing the Jacobian detJ;—1(z). To make it computationally efficient, we implement the mapping Ty using
several ReaNVP modules [15]. The corresponding Jacobian matrix is triangular, and so its determin-
ant is equal to the product of the diagonal elements of J;—i(z). To utilize the RealNVP module, we treat
the zero-padded 1 and £ as two input channels. After passing each layer, the order of the two channels
switch. Therefore, two consecutive ReaNVP modules make up one RGFlow layer, which functions as a
basic building block of the network. As demonstrated in the 2D example in figure 1, the upper channel
contains only the coarse-grained fields i) while the lower channel holds the remaining irrelevant fea-
tures. After being transformed by the neural network, the two channels are merged to reconstruct the
predicted ¢’.

During training, a batch of configurations (¢,£) are sampled from P [¢)] and P[¢] to calculate
L(Kg,0) at each step. A stochastic optimizer is then applied to compute the gradients and optimize Te_1
and Kir simultaneously. After reaching a local optimum, a unique set of predicted coarse-grained coup-
ling Kig will be associated with the fined-grained couplings Kyy, which are kept fixed during training.
By separately probing different sets of Kyy, we can study the RG flow at any location in the parameter
space. In other words, we do not impose any limitations on the coupling constants or space dimen-
sion (unlike, e.g. the e-expansion [17, 51]). Moreover, since a unique neural network is trained for every
pair of Kyy and K, the learned RG map is automatically adjusted to extract the most relevant feature.
Therefore, we expect that the proposed method may be suitable for studying the RG flows of systems
with multiple phases.

3. A solvable 1D model

The described RGFlow scheme can be solved exactly for the case of a 1D Gaussian model with the
action

2N—

Suv [p;ruv] = % Z [ i1 — +rUV¢2] (11)

where ¢; is a scalar field on jth site of an 2N-site lattice with the periodic boundary conditions and

a unit lattice spacing constant. It it convenient to double the unit cell to match the latent model, see
below, and introduce the two-component fields ®; = (¢, paxr1) 7, where k=0,1,...,N— 1. We define
the Fourier transform ®(q) = N~1/2 Zi\]:_ol e %P, of these fields and rewrite the model action as fol-
lows:

_( vtz —(14e) _z2mn
Suv = 5 Z‘I’ an) Qv (42) @ (41) , QUV(%)((lJreiqn) rov -+ 2 ), = (12)

Note that the eigenvalues w4 (q) = ryv + 2 = 2cosq of the matrix Quv(q) represent the band dispersion
in the problem.
In turn, the action of the latent model is

1N—1

S2=5 2 {1 =)+ ] + €2} (13)

j=0
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We again introduce two-components fields Z; = (¢/;,&;)” and the corresponding Fourier transforms
Z(qn), in terms of which the latent action becomes

N—1
1 = ~ 1R +2 — 2cos 0
S=3 32 e e, Oulan = (MTIGIO ). (14)
Since both Syy and &z are quadratic, the exact global minimum L =0 of the loss function L from
equation (10) can be achieved by a linear RG transformation Ty of a convolution type such that
~ ~ ~ ~ 1— ~
Z(q) =Ty (q)®(q) , (To) Q2T =Quy. (15)

Here, as above, the tilde denotes the Fourier transform, which is defined as follows. It suffices to con-
sider Ty with the following general size-3 convolution kernels for ¢’s and &’s:

Cy ={a,cd},  Cc={fgh} (16)
with real a,c,d,f,g and h. Matrix Ty is then given by

-~ _ (a+érd c

T9 (qﬂ) - ( eiq,,g f_|_eiq,,h) . (17)

Equation (15) has the exact solution a=d=0, c=f=h=—1/g, and g = ++/ryy + 2. The correspond-
ing renormalized coupling is

TR :41’Uv+l’%v. (18)

The first term on the right-hand side of this equation agrees with the scaling law rir = b*ryy known to
apply in the continuum limit. The second term can be considered a lattice correction. Importantly, this
lossless RG scheme preserves the behavior of the correlation functions, such as the exponential decay of
the two-point function

(Pmn) = dg_ emn 1 e awvlm=nl (19)
2w rgy +2—2cosq  2sinh gy
(This formula applies for the infinite lattice, N — co.) Parameter
1
syy = arccosh | 1+ ErUV (20)

is the inverse correlation length. Equation equation (18) entails sqr = 22¢yv, so that the two-point func-
tions before and after the RG transformation are related by

(Yothi) = Z{bobai) , (21)

as required for the case b =2 we are dealing with. This relation can be also seen directly from the form
of Cy kernel; in particular, the coefficient of proportionality in equation (21), i.e. the field renormaliza-
tion factor is simply Z = ¢ = (ryy +2) !

The above results are also in agreement with those derived from the standard real-space RG proced-
ure employing decimation. In such an approach, the Gaussian chain is partitioned into unit cells each
containing one even-indexed site and one odd-indexed site, ®; = (¢, j, ¢, j), where j =0,1,...,N— 1.
Under this representation, the Gaussian action (11) can be expressed as follows:

N—1 N—1
1 l 2 T
SUV ¢7 rUV ZS] Z ¢o,] ¢e,] E (¢e,j+l - ¢o,j) ;V ( QSZ,] + d)z,]—&-l + ¢2,]> (22)
j=0 j=0

After completing the square with respect to ¢, j, we can separate S; into two parts
S = Sn,j[€] + Sr,j [¥; 1] -
1 1
= 551'2 + 5 [(er 1/’]) ’rIR (¢ + ]+1):|

6

(23)
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with the following definition

1 1

=, /2 i — —————he it 1,
f] \/md) N + +rUV¢ N \/m(b J+1

1 1
PR S (24)

= \/m(be,ﬁ wj+1 = ﬁ¢e,j+la

R = 4rgy + iy -

It is evident that Sy j[{] corresponds to unit Gaussian noise and Sig j[1); 7] is consistent with the
Gaussian action (11) under periodic boundary conditions. In addition, the definitions provided in (24)
reproduce both the kernel parameters and the scaling relations obtained by minimizing the loss
function (15). This correspondence allows for a natural interpretation of the kernel Cy, as perform-

ing a decimation operation, effectively selecting every second site in the fine-grained configuration.
Simultaneously, the kernel C¢ captures the discarded DOFs and encodes them as Gaussian noise. In con-
ventional real-space RG, the transformation is completed by integrating out the Gaussian noise Sy ;[¢],
thereby making the procedure non-invertible. In contrast, the RGFlow framework retains this informa-
tion, thus preserving bijectivity and enabling a fully reversible transformation.

4. Numerical results

4.1. Model
We now focus on the 2D ¢* theory on a square lattice with the periodic boundary conditions and action

1 2 r u
Slgirul =5 (di—¢) +D 5671+, 01 (25)
(if) i

where ¢; is a real valued scalar field defined on lattice site i and (ij) is the bond between nearest-
neighbor lattice sites i, j. The coupling constants K = (u,r) are dimensionless. Constant u must be non-
negative for stability.

At large u, the lattice ¢* theory can be mapped onto the Ising model S= —J>_ (ijy oioj with the
dimensionless exchange constant /= r/u and discrete site variables o; = £1. From Onsager’s exact solu-
tion of the 2D Ising model we know that the system undergoes the ferromagnetic transition at

1
r~ —cu, clziln(l—kx/i), u>1. (26)

It is believed that at smaller u the transition remains within the Ising universality class. The correspond-
ing critical line in the (u,r) parameter space has been studied by Monte—Carlo simulations [1, 34, 37,
42, 47] and other methods ([13, 41, 43], etc). For small u, these calculations predict the critical r to be

u 3 < u >
r~—+—uln|{— |, O<u<kl. (27)
Co 4T 32C0

The second term in this equation comes from the one-loop renormalization of the mass term r on the
square lattice. At u — 0, most recent calculations predict ¢y =~ 11, see table 1 in [13]. However, using ¢y =
9.9 gives an excellent overall fit to the Monte—Carlo data [1, 34] within the range 0 < u < 2, see figure 3.

It is easy to see that the phase-transition line approximated by equation (27) must be a stream-
line of the RG flow, in the following sense. According to the modern Wilsonian formulation of the
RG, the exact RG flow involves infinite number of coupling constants besides r and u, e.g. those for
¢°, @8, etc. terms in the action. On the (u, r)-plane all those additional coupling constants are equal
to zero. Importantly, any streamline of the exact RG flow that starts from a point on the phase trans-
ition line in the (u,r)-plane eventually arrives at the same fixed point in the higher-dimensional space.
The union of these streamlines defines the RG critical surface [44]. The projection of the flow vectors
of this critical surface onto the (u,r) plane must be tangent to the phase-transition line. This reasoning
holds as long as the coupling constants evolve continuously, which happens when the rescaling factor
b approaches unity. In this work, we adopt b=2, a common choice in real-space RG. Therefore, the
RGFlow-computed critical line may somewhat deviate from the exact phase-transition line.

We expect that the critical line contains two fixed points, the Gaussian fixed point u =r=0 and
a nonperturbative (Wilson—Fisher-like) fixed point at u = u* > 0, r = r* < 0. The latter is the approx-
imation of the projection of the true multi-dimensional fixed point onto the (u,r) plane. The RG flow

7
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Figure 3. The RG flow diagram for the 2D ¢* model predicted by the RGFlow using the system size 2 X 2. The blue arrows are
vectors AK = Kir — Kuyy. The purple star is the fixed point of the saddle-point structure. The red solid line is the critical line.
The black line and the colored dots are the Monte Carlo results (equation (27) and [1, 42]), see the legend. The red dashed

line indicates the relevant direction of the flow. A (magenta) and B (green) label the points for which the correlation maps are
provided in figure 6. Inset: an enlarged view of the saddle point. The red arrows represents the RGFlow predictions, the blue
arrows are from equation (28). Other features are as in the main plot. Reprinted (3) with permission from [1], Copyright (2005)
by the American Physical Society. Reprinted (3) with permission from [42], Copyright (2009) by the American Physical Society.

near (u*,r*) can be used to estimate the correlation length critical exponent v [44]. Our goal is to com-
pute the critical line by the RGFlow scheme to verify these expectations and to investigate any additional
structures of the flow in a larger parameter space around the critical line.

4.2. Critical line and critical exponents
To construct the RG map, we build a ReaNVP module using 2D convolution layers with the kernel

size of 3 x 3. In total, three RGFlow layers are included in the neural network. The network structure

is shown in figure 2. For a proof-of-principle demonstration of the proposed scheme, we chose a min-
imal system size of 2 x 2 for . During training, a batch of 100¢ and £ configurations were sampled at
each step. The Adam optimizer [27] with an initial step size of h = 107> was applied to minimize the
loss function (10). After every 5000 iterations, h was reduced by 85%. A total of 40000 training itera-
tions were used for each session.

We applied the RGFlow algorithm to a set of points in the (u, r) plane near the expected position of
the critical line. The results are displayed as a vector field AK = Kjr — Kyy in figure 3. We observe three
types of parameter flows: the first one goes to r = oo (the symmetric phase), the second one goes to r =
—0o0 (the broken symmetry phase), the remaining third one flows into the saddle point (the transition).
We find the location of this fixed point K* = (u*,7*) as follows. We first apply the least squares method
[11, 12] to fit the saddle point structure to a linear vector field

AK (Kyy) = MKyy +d, (28)

where M and d represent a 2 X 2 matrix and a 2 X 1 vector, respectively. Next, we compute K* =
—M~'d such that AK(K*) = 0. In this numerical study, we find that the fixed point is located at

r* =—1.97£0.12 and u* =2.13£0.13 (the purple star in figure 3).
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The critical line is defined to be the streamline of the vector field AK that connects the Gaussian
fixed point at the origin and the Wilson—Fisher-like fixed point K*. The result is displayed as the solid
red curve in figure 3, which was computed using the streamline function of MATLAB. Fitting the
RGFlow critical line to equation (27) at 0 < u < 2, we obtain ¢y = 6.44 £ 0.06, which is somewhat smal-
ler than ¢y = 9.9 from the Monte—Carlo data (the black curve). However, this result was obtained from a
tiny system size of 2 x 2. It becomes more accurate once a larger system size is used, see below.

The critical exponents are estimated by linearizing the RG equation near the fixed point:

Kyy — K*
Koy —K) (29)

The Jacobian matrix M+ 1 of this linearized flow has two eigenvalues, A; and A;. Following the con-
vention [4], we define [\;| > 1 as the relevant eigenvalue and its corresponding eigenvector to be the
relevant direction. In turn, |A;| < 1 is the irrelevant eigenvalue and its corresponding eigenvector is the
irrelevant direction. In figure 3, the relevant direction is along with the critical line while the irrelevant

direction is along the dashed red line.
The critical exponent v is calculated using

logb
V= , 30
log [ A¢| G0

where b=2. We obtain v = 0.885 =+ 0.015, which differs from the exact value of ¥ =1 by about 10%.
To test if the discrepancy in v was due to the small system size, we did additional calculations for
3 x 3 systems. To achieve the training stability around the saddle point, we decreased the initial step
size to h = 10~* and its reduction rate to 85% per 10* iterations. We also had to double the number of
training iterations. The resulting flow diagram is presented in figure 4. As one can see from that figure
and also from figure 5, the critical line indeed becomes closer to the Monte—Carlo results for this system
size. The corresponding ¢, is given in table 1. The critical exponent v also becomes closer to the exact
result. Since the computing time has increased substantially by going from size 2 x 2 to 3 x 3, treating
even larger systems would probably require further optimization of the network design.
The remaining inaccuracy of v, which is 4% for 3 x 3, is presumably due to neglecting higher-order
interactions ¢°, etc. A similar situation has been reported in a recent study of a ML-based RG for the
2D Ising model co-authored by one of us [23]. By allowing for additional coupling terms in the UV
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Figure 5. The critical lines predicted by the RGFlow (system sizes 2 X 2 and 3 X 3) and the Monte—Carlo calculations.

Table 1. Parameters predicted by the RGFlow vs. the exact results.

System size 2 X 2. 3x3 Exact
o 6.44 + 0.06 7.27 £ 0.06 9.9
v 0.855 + 0.015 0.958 + 0.015 1

Hamiltonian, an improved prediction of the critical coupling constant was observed. We envision that
a better estimation of v can be achieved by similarly extending our UV action (25).

To reveal the RG rules learned by the neural network we calculate the normalized correlation
functions

L L
G = R e @o @) G
(Yigj) = he

bmtonls) 7 (00 ()

between a site i in the RG transformed configuration and all sites j in the fine-grained configuration ¢
(see figure 6(a)). Here o(x) stands for the standard deviation of x. For each variable &; or 4;, the result-
ing correlation map is of size 4 x 4 and can be interpreted as a generalized convolutional kernel and,
equivalently, a RG kernel. Since the transformed configurations are composed of repeated 2 x 2 RG

cells (see figure 2), it is sufficient to evaluate the correlation maps for the four constituent sites within
the top-left unit cell. To capture the phase dependence of the learned RG rules, we calculate the correla-
tion maps at two representative points, labeled A and B, corresponding to the symmetric and symmetry-
broken phases, respectively (see figure 3). The results are shown in figures 6(b) and (c).

In both phases, the correlation strengths between the coarse-grained site 1); and neighboring fine-
grained fields ¢; remain roughly the same. This indicates that the RGFlow network has successfully
identified a local averaging rule consistent with conventional real-space RG, which extracts long-range
information. Notably, the strength of these correlations remains invariant across the phase transition, as
expected for the ¢* theory. In contrast, the correlation maps between the irrelevant features £ and the
surrounding ¢; exhibit patterns with opposite signs. These results suggest that the network has learned
effective finite-difference-like kernels that extract short-range interactions. Importantly, the noise cor-
relation maps associated with £ remain phase independent and are consistent with the assumption that
these irrelevant features follow a Gaussian distribution and are uncorrelated with the macroscopic phase
behavior.
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Figure 6. Correlation maps between sites in the RG unit cell and those in the fine-grained configuration. (a) The unit cell of
interest (the dashed box) containing variables £, &2, 3, ¥1 and the fine-grained unit cell containing variable ¢;. (b) The correla-
tion maps (31) computed at the point A in figure 3. (c) Same as (b) for point B in figure 3.

5. Conclusions

In this study, we introduced RGFlow, a neural network—based framework for learning real-space RG
transformations and parameter flows for lattice field theories. Unlike traditional RG approaches, RGFlow
preserves information by employing a bijective transformation that maps fine-grained configurations to
coarse-grained fields and irrelevant features. During training, we utilize the Fisher divergence as a loss
function to circumvent the intractability of partition functions. We analytically validated the RGFlow
algorithm using the 1D Gaussian model, demonstrating that it reproduces the correct parameter flow.
Numerically, we applied RGFlow to the 2D ¢* model. Remarkably, even when trained on the smallest
possible 2 x 2 lattice configurations, the method still identified a saddle point structure in the parameter
flow diagram and predicted the critical line and the associated critical exponent with only a ~10% error.

The RGFlow method demonstrates several advantages. First, it automates the design and optimiz-
ation of RG transformations across a wide parameter space. Second, unlike existing neural-network-
based RG methods for lattice field theories [2, 8, 18, 24, 29, 33, 40, 45, 46], RGFlow implementation
does not require explicit knowledge of the physics of the model. This feature broadens its applicability to
more complex field theories. Third, since the training criterion of RGFlow relies only on evaluating the
actions, it is suitable for strongly coupled regimes, where traditional methods may struggle.
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Figure 7. Comparisons between the gradients computed by PyTorch and the ideal gradients obtained via finite difference at one
training step. The left and right panels illustrate the gradient values corresponding to the parameters r and u, respectively, within
the 2D ¢* model. The gradients produced by PyTorch exhibit excellent agreement with the finite-difference estimates, and both
approaches lead to convergence toward the same local minimum. This consistency is maintained throughout the entire training
process.

We can think of several directions for improvement and future investigations. Currently, RGFlow
generates RG flows in a point-wise manner, which can be computationally intensive for complex the-
ories. Inspired by the RG Monotone method [23], a promising enhancement would be to introduce a
second neural network to extrapolate the parameter flow for a wide range of parameter space. On the
architectural side, replacing RealNVP layers with neural ordinary differential equation models [5, 21]
could improve the approximation power. Additionally, the incorporation of the symmetry-respecting
equivariance neural networks [9, 10, 30, 49] could further enhance the physical consistency of the
learned RG transformations. With the above improvements, we envision that the RGFlow method would
be a helpful tool to compute the RG transformation in high-dimensional and strongly interacting field
theories.

Note added. By the time this paper was finalized, we noticed a small error in the gradient back-
propagation process. This error was caused by the computation of the loss function (10). During actual
training, the expectation over P,[z] was approximated by the mean of (10) over configurations sampled
from the distribution. However, since the samples were detached from the distribution, the gradients of
r and u could not be passed correctly to themselves. This could introduce instability in training and lead
to false local minima. Fortunately, our 2D numerical results are not substantially affected. As demon-
strated in figure 7, both the PyTorch gradient and the correct gradient share the same local minimum
and have highly similar values. However, the behavior of PyTorch gradients for models in other dimen-
sions remains undetermined.

The gradient problem can be fixed by the so-called policy gradient trick, which multiplies the term
inside the expectation by 1 —logP,[z] + logP,[z]. The loss function (10) then becomes

2

) —1 0S T, ! ;K
L(K,0) = % Z 3 (S, [z K] +6120gdetfr (2))  dSuv [ 062(2) wv]
z~P,[2] 5
x (1 —1logP,[z] +logP,[7]). (32)

Clearly, the loss values remain unchanged. During back-propagation, the first —logP,[z] in the par-
entheses is eliminated and does not pass gradients. It is then straightforward to verify that the new

loss (32) provides the correct gradient even if the same approximation is applied to the expectation.
However, since calculating log P,[z] involves evaluating the ¢* partition function, this new training
method faces a significantly increased computational overhead and is beyond the scope of this work. We
therefore would like to explore its effect in the follow-up studies.
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Data availability statement

All data that support the findings of this study are included within the article (and any supplementary
files).

Appendix A. Mutual information and the correlation function

In this section, we prove that the mutual information provides an upper bound to the correlation func-
tion. Given two random variables X and Y, we start with Pinsker’s inequality for mutual information

I(X,Y) = Dxv (Pxy (x,) |[Px (x) Py (y))

> Py (x,y) = Px(x) Py ()|

xeX,yeY

(33)
>

| =

Suppose f(x) and g(y) are bounded functions on X and Y respectively, then the following inequality is
valid:

F(x)0)|
OS T lolle )T S

where || - ||oo denotes the supremum norm. We add this fraction as a factor on the right-hand side of
equation (33) to arrive at

(34)

fx)g(y)
1f (%) loo llg () [ oo

I(X, Y)}% > [[Pxv(x.y) = Px(x) Py (y)]

xeX,yeyY (35)
1 ((f(x)g(y)> - (f(x)><g(y)>>2
"2 7o) lloollg 07) oo '

This is the desired relation between the mutual information and the normalized correlation function of
variables f and g.

Appendix B. The linear RG loss function

For a linear RG transformation Ty and the Gaussian actions (11) and (13), the loss function L in
equation (10) can be simplified to

2

146 I\ T _
= E |35 (e (1) swryt2) |
_ T _—N\T 1\ |I?
= ]%H 2 (S, — (Ty") SwT, . (36)

=Tr [(sz— (TGI)TSUVTQI)ZSZ”} .

The above loss function reaches its global minimum (equal to zero) if and only if Syy = TgSZ Ty or equi-
valently if equation (15) holds after a Fourier transformation.
In the 1D case, our latent configuration z has alternating pattern:

Z:(¢Oa§07"'7¢N—la§N—l)~ (37)

The convolution matrix Ty for the RG transformation z = Ty(¢) specified by the kernels (16) has the

following block circulant form:
. a c d 0
Ty = bcirc {(0 ) , <g h) 7} (38)

(only the nonzero blocks are shown). Projecting this Ty onto the basis of Fourier harmonics, we obtain
equation (17). Writing it for each of the four matrix elements, we arrive at four equations specifying the
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six kernel parameters a through h:

(a+ed) (a+ed) (rr +2 — 2cosq,) + & —ruov —2=0,
(ac+ e "cd) (1 +2 — 2cosq,) +e " (fg+1)+gh+1=0,
(ac+ e cd) (rg +2 — 2cosq,) + €4 (fg+1) +gh+1=0,

& (rr +2 —2cosq,) + 2fhcosq, + 2 +h* —rgy —2=0.

(39)

Since the above equations hold at all momenta g, the coefficients in front of each power of €% must
sum up to zero. The resulting set of equations has the unique solution reported in the main text.
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