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Fizeau drag in graphene plasmonics

Y. Dong1,2,6, L. Xiong1,6, I. Y. Phinney3, Z. Sun1, R. Jing1, A. S. McLeod1, S. Zhang1, S. Liu4, 
F. L. Ruta1,2, H. Gao3, Z. Dong3, R. Pan1, J. H. Edgar4, P. Jarillo-Herrero3, L. S. Levitov3, 
A. J. Millis1, M. M. Fogler5, D. A. Bandurin3 ✉ & D. N. Basov1 ✉

Dragging of light by moving media was predicted by Fresnel1 and verified by Fizeau’s 
celebrated experiments2 with flowing water. This momentous discovery is among the 
experimental cornerstones of Einstein’s special relativity theory and is well 
understood3,4 in the context of relativistic kinematics. By contrast, experiments on 
dragging photons by an electron flow in solids are riddled with inconsistencies and 
have so far eluded agreement with the theory5–7. Here we report on the electron flow 
dragging surface plasmon polaritons8,9 (SPPs): hybrid quasiparticles of infrared 
photons and electrons in graphene. The drag is visualized directly through infrared 
nano-imaging of propagating plasmonic waves in the presence of a high-density 
current. The polaritons in graphene shorten their wavelength when propagating 
against the drifting carriers. Unlike the Fizeau effect for light, the SPP drag by 
electrical currents defies explanation by simple kinematics and is linked to the 
nonlinear electrodynamics of Dirac electrons in graphene. The observed plasmonic 
Fizeau drag enables breaking of time-reversal symmetry and reciprocity10 at infrared 
frequencies without resorting to magnetic fields11,12 or chiral optical pumping13,14. The 
Fizeau drag also provides a tool with which to study interactions and nonequilibrium 
effects in electron liquids.

Graphene offers an ideal medium15–18 for observing the plasmonic 
Fizeau drag, as it supports the propagation of highly confined, 
long-lived and electrically tunable SPPs. Crucially, graphene also with-
stands ultrahigh current densities (of the order of mA μm−1)19 so that 
the carrier drift velocity u can be comparable to the SPP group velocity. 
In the absence of current, the SPP dispersion follows ω(−q) = ω(q) ∝  q  
(Fig. 1a), where ω and q are the frequency and wavevector of the SPPs, 
respectively. Under applied direct current, the SPP dispersion is pre-
dicted to depend20–24 on the relative orientation of SPP propagation 
and carrier flow, generating the plasmonic Fizeau effect that breaks 
the reciprocity of the system: ω(−q) ≠ ω(q). Here we report on exploit-
ing the unique attributes of graphene to demonstrate the physics of 
the plasmonic Fizeau effect where SPPs are dragged by drifting Dirac 
electrons. After completing this work, we became aware of similar 
results by W. Zhao et al.25.

To explore the plasmonic Fizeau drag, we fabricated multi-terminal 
graphene devices schematically shown in Fig. 1b. Monolayer graphene 
(MLG) encapsulated in hexagonal boron nitride (hBN) was integrated 
into back-gated structures assembled on a Si/SiO2 substrate (285 nm 
of oxide). Gold SPP launchers16,18 were deposited directly on the gra-
phene among drain electrodes such that the current-gating effect26 
(see Methods sections ‘Gate-dependent transport’ and ‘Current-gating 
effects’) from spatial inhomogeneity of electron density n was mini-
mized. The gold launcher also served as an Ohmic contact to the 
graphene and as a heat sink for electrons in our high-current experi-
ments. Finally, the width of the current-carrying graphene channel 
was narrowed down to 2 μm to boost the local current density and 

enhance the Fizeau drag effect. Real-space SPP images were acquired 
using low-temperature near-field optical nanoscopy techniques. 
An infrared laser of frequency ω illuminated the gold launcher 
(Fig. 1b), which excited propagating SPPs. The SPP electric field was 
out-coupled by a metallized tip of an atomic force microscope into 
free-space photons and subsequently registered by a detector. Using 
the demodulated detector signal, the real-space profiles of SPPs were 
reconstructed16–18. The experiments were performed at cryogenic 
temperatures to reduce phonon-induced losses18 and thus improve 
the fidelity of the measurements.

We now describe how the frequency–momentum dispersion ω(q) 
of SPPs is affected by the electric current in the graphene channel. The 
direct observable of our nano-imaging experiments is the wavelength 
λp of SPPs, which is related to the real part of the SPP wavevector, 
q1 = 2π/λp (q = q1 + iq2). In realistic graphene devices, the square-root 
law of SPP dispersion is modified by phonon resonances in the hBN 
substrate16–18 but the dispersion relation ω(q) remains q/−q symmetric. 
Under applied direct current (d.c.) with density Jdc, the Dirac electrons 
supporting SPPs in graphene acquire a drift velocity u = Jdc/en, where 
e is the elementary charge and n is the carrier density. The drifting 
carriers were predicted20–24 to induce a plasmonic Fizeau effect, which 
leads to an increase in λp when SPPs co-propagate with the carriers 
(Fig. 1a, right branch) and a decrease in λp for the counter-propagation 
scenario (Fig. 1a, left branch). Our detailed theory (Supplementary 
Information) corroborates this intuition but reveals additional com-
plications. Specifically, the drifting carriers modify the electromagnetic 
response of the system in a quasi-relativistic way20,27 with the Lorentz 
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factor γ u v= (1 − / ) ,2
F
2 −1/2  where vF is the graphene Fermi velocity. In 

addition, the corrections of Fizeau shift in the second order of the drift 
velocity are not negligible and prompt nonlinearities discussed below.

Next, we explore the experimental parameter space of the plasmonic 
Fizeau effect by modelling the wavelength shift Δλp/λp for our device 
at different gate voltages Vg, laser frequencies ω and drift velocities u 
(Fig. 1c, d). Assuming a drift velocity of u = 0.1vF, a value readily achiev-
able in our structures, the SPP wavelength is shortened compared to 
u = 0 for plasmons counter-propagating with carriers (solid and dashed 
lines in Fig. 1c). The magnitude of the Fizeau shift Δλp/λp increases at 
higher laser frequency ω and lower gate voltages Vg (Fig. 1d). Choosing 
the lowest gate voltage Vg = 30 V seems favourable for generating the 
largest Fizeau shift. However, both the amplitude and the propagation 
length of SPPs rapidly diminish at low Vg, compromising the fidelity of 
the experimental data. Higher laser frequency also results in similar 
adverse effects. We therefore chose to conduct the measurement at 
ω = 890 cm−1 and a moderate gate voltage Vg = 47 V, corresponding to 
a carrier density n = 2.9 × 1012 cm−2.

We next analyse the experimental evidence for the plasmonic Fizeau 
effect (Fig. 2), acquired from a representative device shown in Fig. 2a. 
Near-field signals were acquired at T = 170 K and Vg = 47 V by repeatedly 
scanning along the same line perpendicular to the launching edge while 
varying the current density. Individual line scans were assembled into a 
two-dimensional false-colour plot with position on the horizontal axis 
and current density on the vertical axis (Fig. 2b). In this representa-
tion, SPPs were excited by the gold launcher on the left of the field of 
view and propagated to the right, manifesting themselves as periodic 
oscillations16–18 of the scattering amplitude signal (Fig. 2b). Somewhat 
enhanced plasmonic loss can be observed at the largest applied cur-
rent densities, which is caused by Joule heating. In Fig. 2c, we show line 
profiles averaged over a range of ±25 μA μm−1 extracted from Fig. 2b at 
different current densities. Damped sinusoidal functions were used to 
fit (Methods section ‘Fitting method’) the experimental data and the 
fitting results are displayed along with the raw data points (Fig. 2c). 
Experimental line profiles at different current densities show a smooth 
evolution of the SPP wavelength with current density. For positive cur-
rent densities, electrons flow towards the launcher and SPPs propagate 
away from the launcher. The counter-propagation of electrons and plas-
mons results in a clear reduction of the SPP wavelength, as evident from 
the comparison of the fitting results in Fig. 2d. The observed wavelength 

downshift is consistent with the q < 0 dispersion branch in Fig. 1a where 
the SPP wavevector q is enlarged in the counter-propagation setting. 
Notably, the wavelength minimally increased upon current polarity 
reversal, owing to the second-order correction to the Fizeau effect 
described below. We acquired data from multiple devices at 170 K and 
60 K (Extended Data Fig. 7) which all showed the same trends as in 
Fig. 2b–d. The fact that the SPP wavelength depends on current polarity 
suggests that the SPP Fizeau effect breaks the q/−q reciprocity in our 
nano-plasmonic device.

Having established qualitative indicators of the plasmonic Fizeau 
drag, we now examine the findings quantitatively. We fit every line 
profile (Methods sections ‘Fitting method’ and ‘Monte Carlo simulation 
of regression coefficients’) in datasets such as Fig. 2b and obtained the 
Fizeau shift Δλp/λp as a function of current density Jdc and drift veloc-
ity u (Fig. 3a, b). The results reveal that the Fizeau shift reaches −2.5% 
at  Jdc = 0.7 mA μm−1 for the counter-propagation setting (Fig. 3a). For 
the co-propagation setting, the Fizeau shift is very small and shows 
nonlinear dependence on drift velocity. When reversing the polarity of 
the gate voltage, which switches the carrier type to holes, the observed 
dependence of Fizeau shift on hole drift velocity was similar to that for 
electrons (Fig. 3b). These observations indicate an ambipolar character 
of the Fizeau drag, which depends on the carrier drift velocity but not 
on the carrier type.

Discussion
A salient feature of the experimental data is that the Fizeau shifts in 
Fig. 3a, b are neither symmetric with the current direction nor linearly 
varying with the carrier drift velocity. The observed experimental 
trends can be understood based on a model which accounts for both 
linear and quadratic terms of the Fizeau shift as a function of u ≪ vF:
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where η is the drag coefficient and vp is the plasmon phase velocity. Note 
that vg ≈ ½vp reduces to the plasmon group velocity only when the 
dielectric screening is nondispersive. In our device, the screening from 
hBN boosts the magnitude of the Fizeau shift by suppressing vg. The 
drag coefficient η assumes a value in the interval ¼ ≤ η ≤ ½ depending 

–20 –15 –10 –5 0 5 10 15 20
0

500

1,000

1,500

850 900 950 1,000 1,050

50

100

150

200

850 900 950 1,000 1,050

1

2

3 u = 0.1vF

u u

vp

u = 0 u ≠ 0

SPP wavevector, q (2π × 105 cm–1)

vp

u = 0.1vF

u = 0

90
60
30

90
60
30

S
P

P
 w

av
el

en
gt

h,
 

p
 (n

m
)

Frequency,  (cm–1)

Vg (V)

u -
-

-
vp

S
P

P
 fr

eq
ue

nc
y,

 
 (c

m
–1

)
b

dc

a

vp

u -
-

-
Vg (V)

30
60
90

|Δ
p
/

p
| (

%
)

Frequency,  (cm–1)

hBN

Drain

Drain

Source

Source
Au

launcher

hBN

MLG

Fig. 1 | Plasmonic Fizeau drag in graphene: 
theory and modelling. a, Theoretical SPP 
dispersion with (red line) and without (black line) 
drifting carriers. Carrier density is n = 1 × 1011 cm−2 
and the non-zero drift velocity is u = 0.7vF with +u 
along the +q direction. Wavy black arrows 
indicate the SPP propagation direction and 
straight black arrows represent the carrier drift 
direction. b, Schematic of a graphene device with 
a constricted channel. Under the illumination of 
an infrared laser, the gold launcher excites 
propagating SPPs, which were visualized by 
near-field tip-based imaging techniques. Black 
streamlines represent carrier drift directions.  
c, The SPP wavelength λp as a function of the laser 
frequency ω with (solid lines, u = 0.1vF) and 
without (dashed lines, u = 0) current at different 
gate voltages Vg. The SPP wavelength is 
diminished under drifting current. d, The Fizeau 
shift |Δλp/λp| as a function of the laser frequency 
ω at different gate voltages Vg for a typical drift 
velocity u = 0.1vF.



Nature  |  Vol 594  |  24 June 2021  |  515

on the quasiparticle collision rate Γee (Supplementary Information). In 
particular, η = ¼ in the kinetic regime where Γee is small compared to 
the measurement frequency ω = 890 cm−1 = 26.7 THz. The prediction of 
equation (1) for the kinetic regime is plotted by the black solid lines in 
Fig. 3a, b. Provided Γee > ω—the regime where graphene quasiparticles 
behave collectively as a hydrodynamic fluid27–29—the drag coefficient 
assumes η = ½, which is plotted by blue dashed lines in Fig. 3a, b. Here 
we ignore, for simplicity, the Fermi liquid interaction effects30. For our 

experimental condition, we estimate that ℏ∼Γ T v n/| | < 1 THzee
2

F , 
which strongly suggests that η = ¼ should be appropriate, in agreement 
with the experimental data. It is also instructive to compare these results 
with previous works (Supplementary Table) on the Fizeau shift (often 
referred to as the Doppler shift) in plasma5,31 and in GaAs semiconduc-
tor structures6,7,32. Such systems have parabolic quasiparticle disper-
sions, which are invariant under a Galilean transformation. However, 
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slabs. Data displayed in b–d were collected in the dark red region while 
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direction. b, Near-field image, at Vg = 47 V and T = 170 K, acquired by scanning 
along the same line while varying the current density between ±0.8 mA μm−1. 

The dashed arrows represent positions where the averaged line profiles in c 
were taken. A one-dimensional Fourier filter was applied for b only, to reduce 
visual noise. c, Averaged (±25 μA μm−1) SPP line profiles at different current 
densities. The circles are raw data; the solid lines are fitting results; the dashed 
line is a guide to the eye. The line profiles are shifted vertically for clarity.  
d, Fitted SPP line profiles without d.c. current (black) and with Jdc = 0.69 mA μm−1 
(blue), illustrating a reduction of the SPP wavelength. a.u., arbitrary units.
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graphene quasiparticles are massless Dirac fermions characterized by 
a quasi-Lorentz invariance, with the speed of light replaced by vF. As 
indicated by the purple dashed lines in Fig. 3a, b, the Fizeau shift of 
plasmons in a Galilean-invariant system depends linearly on the drift 
velocity, with unit drag coefficient η = 1. The obvious discrepancy of 
these predictions with our experimental data vividly demonstrates that 
the Galilean invariance is broken in graphene.

Additional insights into the Fizeau shift can be obtained by placing 
our results in the context of the nonlinear electrodynamics of gra-
phene29. The current response at the plasmonic frequency ω can be 
expanded as j ω σ σ E σ E E ω σ E ω( ) = ( + + + …) ( ) ≡ ( )(2)

dc
(3)

dc
2

ac eff ac , where 
σ(n) is the nth-order nonlinear optical conductivity component, Edc is 
the d.c. electric field that drives the static current flow u E O E+ ( )dc dc

3∼  
and Eac(ω) is the inhomogeneous a.c. field from the launcher. All orders 
of Edc contribute to the effective a.c. conductivity σeff, which determines 
the Fizeau shift. Moreover, the Fizeau shift induced by E k

dc is a signature 
of (k + 1)th-order nonlinearity represented by the component σ(k+1). Our 
data in Fig. 3 show that as the d.c. drive increases, the linear Fizeau shift 
acquires quadratic corrections: a manifestation of the third-order 
nonlinearity in σ E(3)

dc
2 .

Outlook
The current-induced Fizeau drag of plasmons reveals novel aspects 
of interactions between infrared photons and Dirac electrons in gra-
phene. Commonly, drag effects are understood as friction-like momen-
tum transfer between two coupled sub-systems. Examples include 
Coulomb drag between spatially separated conductors33,34, and drag 
effects between electrons and phonons in a crystal35,36. Our data show 
that the notion of drag could be extended to the two constituents of 
a polaritonic quasiparticle: a superposition of infrared photons and 
Dirac electrons. By ramping up the current in our platform, we solely 
perturbed the electronic constituent of the quasiparticles. The pho-
tonic component reacts by abiding to the rules of quasi-relativistic 
theory (Supplementary Information). However, the observed effect 
is not a mere consequence of relativistic kinematics. The plasmonic 
Fizeau drag in graphene is inherently a non-equilibrium and nonlinear 
phenomenon the magnitude of which depends on the dynamics of 
electron–electron, electron–phonon and electron–photon interac-
tions of the Dirac electrons. A task for future experiments is to map the 
Fizeau drag for the entire SPP dispersion in order to optimize the infra-
red nonreciprocity for on-chip applications. In principle, plasmonic 
Fizeau drag offers means to probe the unique motional Fermi liquid 
effects30 and nonlocal effects37. Fizeau drag experiments can also be 
extended to double-layer graphene38 and twisted bilayer graphene39, 
potentially offering intriguing opportunities to probe the physics of 
Fermi velocity renormalization and strong correlations40,41 in electronic 
systems. Finally, by further enhancing the carrier drift velocity towards 
the plasmon velocity, Fizeau drag can be boosted, paving the way for 
plasmonic emission via plasmon instability42,43 and amplification44–46.
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Methods

Device fabrication
Our devices involve monolayer graphene47 encapsulated in monoiso-
topic hexagonal boron nitride crystals48 (h11BN) with a global silicon 
gate, fabricated using a dry transfer technique49–51. We first mechani-
cally exfoliated graphene and hBN on an oxidized Si wafer, and searched 
for sizable, uniform flakes using optical contrast. Using a homemade 
transfer system, we picked up a thin (<10 nm) crystal of hBN as well as a 
thicker (>20 nm) neighbouring crystal with a polycarbonate (PC) mem-
brane suspended over a thick (4 mm) polydimethylsiloxane (PDMS) 
polymer block mounted on a micromanipulator and heated to 100 °C. 
The thicker neighbouring flake was used as a marker to determine 
the position of the thin hBN, which, once on the PC, has extremely 
low optical contrast. The thin hBN was then used to pick up a mon-
olayer graphene flake at room temperature. Finally, the two-layer stack 
was transferred onto the thick (>50 nm) hBN flake at elevated tem-
peratures (160–170 °C)—a technique that we found resulted in clean, 
hydrocarbon-free van der Waals interfaces50. We inspected the final 
heterostructure using atomic force microscopy (AFM) and selected 
flat, wrinkle-free areas for our device.

The heterostructures were covered by a polymethyl-methacrylate 
(PMMA) resist, and electron-beam lithography was used to define a 
protective mask in the shape of the device. We selectively etched away 
the exposed parts of the heterostructure with reactive ion etching (RIE) 
using plasma generated by Ar, CHF3 and O2 gases. We then performed 
a second round of electron-beam lithography and etching to define 
contact areas. These areas were first processed by a mild O2 plasma to 
remove PMMA residuals. We then performed RIE using a combination 
of O2 and CHF3 gases to selectively etch away the top hBN only. 3 nm 
chromium and 50–70 nm gold were deposited into the etched regions 
via thermal evaporation at high vacuum (10−7 mbar). The combination of 
the selective etching recipe and the high vacuum thermal evaporation 
ensured low-resistance contacts crucial for our high-current experi-
ments52. Gate voltages reported in this manuscript are measured from 
the charge neutrality point.

The monoisotopic hexagonal boron nitride (h11BN) crystals were 
synthesized by metal flux method at atmospheric pressure. The starting 
materials, Ni (99.999%), Cr (99.999%) and 11B (>99 at%) powders mixed 
in a 12:12:1 weight ratio, were loaded into an alumina crucible which was 
then placed into a single-zone tube furnace. The powder mixture was 
heated to 1,550 °C by 24 h and held for 48 h under N2/H2: 100/1 standard 
cubic centimetres per minute (sccm) with 840 torr chamber pressure. 
Afterwards, it was slowly cooled down to 1,525 °C at a rate of 0.5 °C h−1 
and quickly quenched to room temperature. The h11BN crystals formed 
onto the metal surface were subsequently peeled off by scotch tape.

Cryogenic scanning near-field imaging
Cryogenic near-field imaging was performed using a home-built 
scattering-type scanning near-field optical microscope operating at 
low temperature and ultrahigh vacuum based on Attocube scanner. 
We used a tapping-mode AFM operating at a frequency of ~275 kHz. A 
mid-infrared continuous-wave CO2 laser (Access Laser) was focused on 
the sample, exciting the gold bar to launch propagating SPPs. The scat-
tered light was collected by an off-axis parabolic mirror and recorded 
with a HgCdTe (MCT) detector. Using the pseudo-heterodyne inter-
ferometric method53, we extracted the near-field signal at the third 
harmonic of the tip tapping frequency to suppress the background 
contribution. AFM topography is registered simultaneously with the 
near-field data. Data are collected at multiple lines in the middle of 
device where polaritons propagate with minimal extrinsic distortions.

Current and voltage appliance
We use one source meter (Keithley 2450) to source d.c. current through 
the whole device while maintaining the gate voltage using another 

source meter (Keithley 2450). The d.c. transport of the device is meas-
ured by a lock-in amplifier (SR 830) and the current-induced potential 
change at the gold launcher is monitored by a multimeter (Keithley 
DMM 6500).

Gate-dependent transport
Low contact resistance enables the application of high electric current 
through a graphene device and promotes an appreciable plasmonic 
Fizeau effect. We measured the contact resistance of a typical device 
using the two-terminal resistance method (Extended Data Fig. 1). As 
schematically shown in the inset of Extended Data Fig. 1, we sourced 
100 nA of current through the graphene channel and measured the 
voltage drop across the entire device. The gate voltage dependence of 
the two-terminal resistance R2pt shows a typical bell-shaped curve with 
a charge neutrality point at Vg = −7.5 V. At high gate voltage |Vg| > 40 V 
where we acquired our Fizeau drag data, R2pt is only 200–300 Ω. Con-
sidering that the sheet resistivity ρ of high-quality graphene devices 
at high gate voltage54 is of the order of 50 Ω, the total sheet resistance 
of our entire device is around 150 Ω. This suggests that the typical 
graphene–metal interface in our device has a resistance of less than 
100 Ω. The ultra-low contact resistance enables us to drive a large cur-
rent through the graphene channel using a small bias voltage, thereby 
mitigating the current-gating effects described in Methods section 
‘Current-gating effect’.

Current-gating effect
The current-gating effect manifests itself as changes in the local car-
rier density caused by the spatial variation of the electrostatic poten-
tial in the graphene, owing to the biasing current. An appreciable 
current-gating effect is expected when high source/drain voltage is 
applied across the graphene. Since the SPP wavelength is sensitive 
to the local carrier density, it is imperative to evaluate the role of the 
current-gating effect in our Fizeau drag experiment.

To examine the magnitude of the current-gating effect, we measured 
the electrostatic potential of the launcher while sourcing large current 
(Extended Data Figs. 2, 3). Because the electrostatic potential close to 
the drain electrode changes minimally as a function of current, the 
current-gating effect is minimized close to the drain where we per-
formed all of our plasmonic imaging experiments (Extended Data 
Fig. 2). Voltages on both the source electrode and the SPP launcher are 
recorded at the same time (Extended Data Fig. 3). The voltage on the 
SPP launcher depends linearly on the applied current with slope 
150 mV/(mA μm−1), whereas the total two-terminal voltage reveals non-
linear behaviour. Standard graphene SPP dispersion implies that 
λ V∝p g . We estimate the plasmon wavelength shift caused by the 
current-gating effect to be
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Thus, the change in the SPP wavelength induced by the current-gating 
effect is much smaller than the 2% Fizeau effect observed in our meas-
urements.

Large-area near-field images
In a typical near-field experiment, AFM topography and near-field 
images are registered simultaneously. Extended Data Fig. 4 shows rep-
resentative near-field and AFM images without current at T = 170 K and 
Vg = 50 V. Near the graphene edge, we observed λp/2-periodic fringes 
(top and bottom areas of the field of view in Extended Data Fig. 4a as well 
as Extended Data Fig. 4c, d). These characteristic λp/2-periodic fringes 
are plasmonic waves excited by the near-field probe and reflected by 
the graphene edge. The λp/2 plasmons complete a ‘round trip’ and 
are subsequently out-coupled by the near-field probe. In contrast, 
SPPs close to the gold (left region of the field of view in Extended Data 
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Fig. 4a) are excited by the gold launcher and propagate to the right. The 
periodicity of Au-launched plasmon fringes equals the SPP wavelength 
λp. In our Fizeau drag experiment, we focused on the λp fringe excited 
by the gold launcher.

Data in Extended Data Fig. 4 attest that our device is free from cracks, 
wrinkles, bubbles and folds, as can be seen from our near-field images 
(Extended Data Fig. 4a). To minimize the role of these extrinsic factors 
in Fizeau drag experiment, we scanned along the exact same line in 
real space for each set of data. These extrinsic factors are not affected 
by current biasing and thus cannot contribute to the changes in SPP 
wavelength observed in the Fizeau drag experiment.

Besides the Fizeau effect of gold-launched plasmons studied in the 
current work, edge-reflected λp/2 plasmons (Extended Data Fig. 4) could 
reveal higher-order Fizeau effects. Furthermore, current flow near the 
edges of graphene may be considerably different than its counterpart in 
the interior of graphene. These intriguing phenomena are beyond the 
scope of the current study and could motivate future explorations of 
the intricate interplay between the current flow and plasmon standing 
waves near graphene edges.

Possible extrinsic factor: Joule heating
The d.c. current could heat up the electronic system to 
T T C u v′ = [1 + ( / )]t

2
F
2 , where T is the lattice temperature and Ct is some 

constant. This effect primarily decreases the plasmon lifetime, but can 
also affect the plasmon wavelength. The Drude weight of graphene is 
known to be slightly temperature-dependent29, D(n, T) ≈ D(n, 0)[1 – (π2/6)
(T/μ0)2] at T ≪ μ0, where μ0 is the Fermi energy. Hence, the Joule heating 
leads to a reduction of plasmon wavelength by the relative amount
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For a rough estimate, we take T = 170 K and T′ = 200 K at the experi-
mentally accessible drift velocity u = 0.17vF, which implies Ct ≈ 6. The 
corresponding plasmon wavelength shift is Δλp/λp = −0.35%. Such a 
heating effect may explain the small discrepancy between the measure-
ments and the theoretical predictions of the Fizeau shift at the largest 
current in Fig. 3.

Absence of mechanical distortion
As described in the main text, we carried out near-field scans along the 
same line in the middle of the graphene channel (dark red region in 
Fig. 2a) while continuously changing the current. At different current 
densities, the topographic line profiles repeat themselves (Extended 
Data Fig. 5b), whereas the near-field line profiles clearly show a Fizeau 
shift (Extended Data Fig. 5d). These findings unequivocally support 
that our measurements are free from mechanical distortions and that 
the extracted Fizeau shift is reliable.

Fitting method
We used a damped sinusoidal function with far-field background

y A q x B q x Cx D= sin( − )exp( − ) + + , (4)1 2

to model the line profiles of the near-field signals of propagating SPPs, 
where β = {A, B, C, D, q1, q2} is the set of fitting parameters and the SPP 
wavelength is λp = 2π/q1. To estimate the parameters β of the nonlinear 
model, we minimized the chi-squared value:

β
∑χ

y y

σ
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( − ( ))
, (5)
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2 exp,
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2

where yexp,i and yi(β) are experimental and model-predicted signals, 
respectively, and σ y

2  is the signal variance. We minimized χ2 using the 
Levenberg–Marquardt algorithm (LMA) and set the convergence cri-
teria of LMA as Δχ2/χ2 < 10−4. The reduced chi-squared value used to 
quantify the goodness of fit equals χ2/60 ≈ 1, indicating a good fit. The 
denominator in the definition of the reduced chi-squared value is the 
number of pixels in a line profile minus the number of fitting parameters.

If the β are Gaussian random variables, the covariance matrix is 
inversely proportional to the Hessian matrix ∇2χ2(β), which is approxi-
mated to first order by the matrix product of Jacobians J evaluated at 
the best-fit values of the parameters:

Σ σ J J J
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∂

∂
. (6)y ij
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2 T −1

The standard deviations of the fitted wavelengths σλ are the square 
roots of the corresponding diagonal terms in the covariance matrices 
of the various line profiles. We typically extract σλ < 1 nm for our exper-
iments, which corresponds to <0.8% relative error for the fitted SPP 
wavelength. The error bars presented in Fig. 3 are 68% confidence 
intervals computed from σλ. Alternative estimates of confidence inter-
vals using likelihood-based methods give similar results. The 
likelihood-based estimates include all wavelength estimates with χ2 
value smaller than χ χ+ (0.68, 6)best fit

2 2 , where χ2(0.68, df) is the 68% 
quantile of a chi-squared distribution with df degrees of freedom55. 
The maximum correlation between the wavelength and any other fit-
ting parameter (A, B, C, D, q2) is 3.5%. This means that the additional 
fitting parameters have little effect on the optimal value and the vari-
ance of the extracted wavelength.

Monte Carlo simulation of regression coefficients
Here we justify the above-mentioned empirical estimates of σλ with 
Monte Carlo simulations. Supposing there are experimental imperfec-
tions from signal noise, pixel size, and limited spatial resolution in a 
near-field measurement, then the empirical standard deviation of the 
wavelength σλ < 1 nm may seem unrealistic. However, SPP line profiles 
observed in the experiments have up to six periods. The ‘redundant’ 
information in a periodic function enhances the precision of param-
eter estimates beyond the limited pixel size and spatial resolution of 
the near-field technique to support a statistically significant Fizeau 
shift. We demonstrate this by computing the variance σλ and bias 
E λ λ[ ]̂ − p  of the least-squares wavelength estimate numerically for 
simulated line profiles that take into account all experimental imper-
fections, such as additive signal noise, positioner noise, limited spatial 
resolution and pixel size.

Consider equation (4) in the presence of noise and limited spatial 
resolution:

∼y G x A q x B q x Cx D ε= ( , SR)[ sin( − )exp( − ) + + ] + , (7)1 2

where the limited positioning precision adds uncertainty to the spatial 
position σx such that the total noise ε is heteroscedastic and satisfies a 

normal distribution with an effective variance55 ( )σ σ+ ,y x
y
x

2 ∂
∂

2
, 

N ( )ε σ σ~ (0, + , )y x
y
x

2 ∂
∂

2
, where ~ indicates ‘is distributed as’ and N μ σ( , )2  

is the normal distribution with mean μ and variance σ2. We model the 
limited spatial resolution (SR) in a near-field experiment by a Gaussian 
filter, that is, convolution with a Gaussian function G(x) with a full-width 
at half-maximum given by SR. This has the effect of blurring sharp 
edges and peaks in the near-field signal. The spatial resolution of a 
near-field measurement is limited by the spatial extent of evanescent 
fields under the tip apex. The evanescent field averages the sample 
response weighted by distance from the tip apex in a qualitatively 
Gaussian fashion56.

In Extended Data Fig. 6a, we show the distribution of wavelengths 
estimated by solving equation (5) with LMA in a Monte Carlo simulation 



of N = 10,000 random replications of equation (7) with SR = 20 nm, 
σy/A = 10%, and σx = 1 nm (determined from scanner specifications). The 
true parameters in the simulations were λp = 2π/q1 = 118 nm, 1/q2 = 2.75λp, 
A = 1, and B = C = D = 0. A few representative line profiles are shown in 
Extended Data Fig. 6b. These simulation parameters are extracted 
from typical experimental conditions. The distribution of the fitted 
wavelength is Gaussian (p value from Jarque–Bera test, <0.01) with a 
standard deviation σλ = 0.71 nm < 1 nm, consistent with the empirical 
estimates from the covariance matrices.

We carefully studied the relationship between the error of the SPP 
wavelength estimate and various experimental conditions (Extended 
Data Fig. 6c, d). We can decompose the mean-squared error of the SPP 
wavelength estimate into bias (blue coloured lines in Extended Data 
Fig. 6c, d) and variance (red coloured lines in Extended Data Fig. 6c, d). 
We notice that the variance of the wavelength estimate is minimally 
affected by spatial resolution (Extended Data Fig. 6c.I) and pixel size 
(Extended Data Fig. 6c.II) under realistic experimental conditions. 
Limited spatial resolution will bias the wavelength estimate and the bias 
grows with the degradation of spatial resolution (blue line in Extended 
Data Fig. 6c.I). However, as long as SR < 30 nm, the bias and variance 
will be smaller than 1 nm. Since the spatial resolution is deterministic 
in this model, it alone cannot degrade the precision of the wavelength 
estimate. However, it does couple to random noise to increase the 
variance of the wavelength estimate (the Gaussian filter reduces JTJ), 
as shown by the dark red line in Extended Data Fig. 6c.I. The pixel size 
of the line profiles has a vanishingly small effect on the wavelength 
estimate as long as the sampling is done well above the Nyquist rate 
set by the wavelength (Extended Data Fig. 6c.II).

We noticed that the variance of the wavelength estimate is strongly 
affected by the experimental signal noise (Extended Data Fig. 6d.I) and SPP 
propagation length (Extended Data Fig. 6d.II). The green curve in Extended 
Data Fig. 6d.I shows that with unlimited spatial resolution (SR = 0) and 
σx = 0, the dependence of σλ on σy has the linear form that is given by equa-
tion (6) for signal noise levels below 25%. At or above 25% noise, the LMA is 
unreliable, converging to many outliers such that the wavelength distribu-
tion is non-normal. As long as σy/A < 10% with 1/q2 = 2.75λp, the estimated 
σλ < 1 nm. In Extended Data Fig. 6d.II, both the variance and the bias of the 
wavelength estimate decrease with the increase of 1/q2. If we only observed 
a few SPP fringes with short propagation length, the error of our wave-
length estimates would be much higher, approaching the limit set by the 
spatial resolution of the near-field technique.

In conclusion, our rigorous Monte Carlo simulation is consistent 
with the empirical analysis for the standard deviation of the wavelength 
estimate σλ. Even though we are limited to ~20 nm spatial resolution 
and ~10 nm pixel size, as long as the signal noise σy is small and the SPP 
propagation length 1/q2 is large, we can extract very accurate (σλ < 1 nm) 
wavelength estimates by fitting line profiles consisting of multiple 
SPP fringes.

Hypothesis testing on the existence of Fizeau shift
In Extended Data Fig. 6e, we set up a statistical hypothesis test based 
on the data in Fig. 3 to determine if we can reject a trivial model where 
there is no Fizeau shift. Consider a linear regression model for the Fizeau 
shift in a form reminiscent of equation (1):
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where the measurement error Nε σ~ (0, )k λΔ
2 . Fitting to the data in  

Fig. 3a, b, we can obtain a least-square estimate of the coefficients 
β̂ = [−0.42 12.31 −72.16]

T
. A linear hypothesis can be formulated by 

a set of N restrictions on the linear regression model. The restrictions 
are generally

R q= , (10)β

and the null (H0) and alternative (H1) hypotheses implied by the restric-
tions are as follows:

βH R q: − = 0, (11)0

βH R q: − ≠ 0. (12)1

Given the least-squares estimate of the coefficients β̂, we can estimate 
the residual vector R qˆ −β . The question of statistical significance boils 
down to whether the deviation of R qˆ −β  from 0 can be explained by 
the sampling variability or whether it is significant. We can base a test 
of H0 on the Wald statistic, which is chi-squared distributed with N 
degrees of freedom55:
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It is usually preferable to use the sample variance s λΔ
2 , an estimate of 

σ λΔ
2  with n observations and p parameters. In this case, the F statistic is 

used instead of the Wald statistic:
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For example, in the case of a no-Fizeau-shift model, we would have the 
following N = 3 restrictions:

β α β β= , = 0, = 0, (15)0 1 2

which can be expressed as
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Pr(F[3, 217] ≤ 2.65) = 0.95, so we can reject the null hypothesis that this 
trivial model is supported by the data with 95% confidence if F > 2.65. 
If the trivial model is rejected, then the Fizeau shift is statistically  
significant since we cannot attribute the current dependence to  
random noise.

We plot F as a function of sλ in Extended Data Fig. 6e. The standard 
deviation of the Fizeau shift estimated empirically from the data in 

Fig. 3 gives βs y Xˆ= [ − ˆ ] = 0.74 nmn p
1
−

2
, which is consistent with the 

standard deviation from the covariance matrix of experimental line 
profiles in Methods section ‘Fitting method’ and with the Monte 
Carlo simulation in Methods section ‘Monte Carlo simulation of 
regression coefficients’. With this sample standard deviation and 
α = 0, we compute an F statistic for the trivial model of 260.3 > 2.65 
(purple solid line in Extended Data Fig. 6e). We can similarly enter-
tain a model with no current dependence but a constant shift such 
that Eα λ= [Δ ] = − 0.78 nmp . This test yields F = 159.8 > 2.65 (red solid 
line in Extended Data Fig. 6e). Statistical hypothesis testing thus 
suggests that the data are inconsistent to a high degree of certainty 
with a model that assumes that the data are randomly organized 
about a constant value (no dependence of the plasmon wavelength 
shift on the drift velocity). Thus, our experimental data support  
the existence of a significant Fizeau shift, under the estimated  
uncertainty.
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Data availability
The data that support the findings of this study are available from the 
corresponding author upon reasonable request.

Code availability
The code used to analyse data are available from the corresponding 
author upon reasonable request.
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Extended Data Fig. 1 | Gate-dependent transport of a typical device. 
Two-terminal resistance R2pt of a typical device as a function of the back-gate 
voltage Vg at T = 170 K. Inset shows the transport measurement configuration, 

where a source meter (Keithley 2450) was used to source gate voltage, and a 
lock-in amplifier (SR 830) was used to measure the resistance of the entire 
device.



Article

Extended Data Fig. 2 | Experimental configuration for measuring 
current-gating effects. Voltage is applied across the source/drain electrode 
and SPP imaging is performed close to the drain. The black streamlines 

symbolize the d.c. current. The voltmeter measures the electrostatic potential 
of the SPP launcher as a function of the biasing current.



Extended Data Fig. 3 | Current–voltage characteristics of a typical device. 
The black symbols represent the source–drain voltage while sourcing current 
through the device. The blue symbols represent the simultaneously measured 

voltage on the SPP launcher, representing the current-gating effect induced by 
the biasing current. Inset shows a magnified view of the low-voltage region.
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Extended Data Fig. 4 | Characteristic real-space nano-infrared and 
topography images. a, Near-field image taken in the vicinity of a gold launcher 
at T = 170 K and Vg = 50 V. Gold-launched λp fringes and tip-launched λp/2 fringes 
near the graphene edge are clearly visible. Dashed rectangles mark the regions 

magnified in c and d. b, AFM topography image taken simultaneously with  
the near-field image in a. The graphene region is uniform with minimal 
topographic variations. c, d, Magnified near-field images near graphene edges, 
showing the tip-launched and edge-reflected SPP fringes with λp/2 periodicity.



Extended Data Fig. 5 | Real-space nano-infrared and topography line 
profiles under current. a–d, Representative results for simultaneously taken 
topography (a, b) and near-field (c, d) data as a function of current density at 
T = 170 K and Vg = −50 V. a, AFM topography collected in the vicinity of a gold 
launcher on the left of the field of view. The 2D plot is assembled from AFM line 
profiles measured at different current densities while scanning along the same 
line in real space. Red and black arrows and dashed lines indicate positions 

where the averaged line profiles in b are acquired. b, Averaged line profiles of 
AFM topography for current densities of ±0.75 mA μm−1, whose topography 
signals are essentially the same. One of the line profiles is shifted vertically  
for clarity. c, Near-field data, taken simultaneously with a. A standard one- 
dimensional Fourier filter was applied here to reduce noise. d, Averaged line 
profiles of the near-field signal in c for the same current densities as the 
topography data in b. A Fizeau shift is clearly visible.
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Extended Data Fig. 6 | Uncertainty analysis for fitted SPP wavelength.  
a, Distribution of the least-squares estimate of the SPP wavelength in 
equation (7) generated by Monte Carlo simulation. b, Examples of typical 
simulated SPP line profiles used for analysis in a. c, I: Dependence of variance 
(bright and dark red lines) and bias (blue line) of wavelength estimate on spatial 
resolution (SR). Bright red line corresponds to zero signal noise (σy/A = 0). Dark 
red and blue lines correspond to σy/A = 10%; II: Dependence of bias and variance 
in wavelength estimate on pixel size in units of wavelength. The pixel size has 
minimal effect on σλ as long as one samples above the Nyquist rate, as indicated 
by the vertical green dashed line. d, I: Strong dependence of error in 
wavelength estimate on signal noise σy. The variance of the wavelength 
estimate (bright red, dark red and green lines) will increase roughly linearly 

with σy until about 25%, and the bias (bright and dark blue lines) is less than 1 nm 
for SR = 20 nm; II: Dependence of error in wavelength estimate on SPP 
propagation length 1/q2. Both the variance (bright and dark red lines) and the 
bias (blue line) of the wavelength estimate improve with 1/q2, even more so 
when there is positioning noise σx (dark red line). e, Assessing the statistical 
significance of the Fizeau shift using an F test. Solid red and purple lines 
represent the dependence of F statistics on the sample wavelength-shift 
standard deviation sΔλ. Purple line assumes α = 0 and red line assumes α is finite 
(see text). Cyan shaded region corresponds to F statistics that reject the null 
hypothesis of no Fizeau shift (F > Fcrit = 2.65). Vertical dashed line corresponds 
to wavelength-shift standard deviation sΔλ estimated from data in Fig. 3a, b.



Extended Data Fig. 7 | Additional datasets revealing plasmonic Fizeau drag 
in graphene. Other representative data when scanning along the same line at 
different d.c. currents (averaged ±25 μA μm−1 for each profile) for different gate 
voltages, temperatures and devices. Within a set of polariton line profiles, the 
first polariton fringes are aligned to enable better visual inspection of Fizeau 
shifts. Line profiles are shifted vertically for clarity. Within each panel, the 

fitted line profiles of the smallest and largest current densities are shown in the 
lower panel for visual comparison. The images of the devices are near-field 
scattering amplitude measured at 170 K without gating. a, Device 1, T = 170 K, 
Vg = −47 V; b, Device 1, T = 170 K, Vg = +47 V; c, Device 1, T = 170 K, Vg = −60 V;  
d, Device 1, T = 60 K, Vg = +60 V; e, Device 2, T = 170 K, Vg = +50 V; f, Device 3, 
T = 60 K, Vg = +60 V.
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 74 

1. Lorentz transforms, drag of light, and drag of plasmons by moving bodies  75 

In this subsection we briefly review a few basic facts about the Fizeau light drag effect and 76 
point out its differences from the Fizeau drag of plasmon polaritons (or plasmons to keep it short). 77 
We start with the summary of the Lorentz transformations (LTs) for various physical quantities, 78 
e.g., frequencies and momenta: 79 

 𝜔𝜔0 = 𝛾𝛾(𝜔𝜔 − 𝑢𝑢𝑞𝑞𝑥𝑥) , 𝑞𝑞0𝑥𝑥 = 𝛾𝛾 �𝑞𝑞𝑥𝑥 −
𝑢𝑢
𝑐𝑐2
𝜔𝜔�  , 𝑞𝑞0

𝑦𝑦 = 𝑞𝑞𝑦𝑦. (S1) 

Here the subscript “0” labels quantities measured in the frame moving with velocity 𝑢𝑢 in 80 
the 𝑥𝑥-direction. The LTs of charge and current density are 81 

 𝜌𝜌 = 𝛾𝛾(𝜌𝜌0 + 𝑢𝑢𝑗𝑗0𝑥𝑥 𝑣𝑣𝐹𝐹2⁄ ), 𝑗𝑗𝑥𝑥 = 𝛾𝛾(𝑗𝑗0𝑥𝑥 + 𝑢𝑢𝜌𝜌0), 𝑗𝑗𝑦𝑦 = 𝑗𝑗0
𝑦𝑦. (S2) 

We will also need the transformation laws for the electromagnetic (EM) field components: 82 

 𝐸𝐸0𝑥𝑥 = 𝐸𝐸𝑥𝑥, 𝐸𝐸0
𝑦𝑦 = 𝛾𝛾 �𝐸𝐸𝑦𝑦 −

𝑢𝑢
𝑐𝑐
𝐻𝐻𝑧𝑧�  , 𝐻𝐻0𝑧𝑧 = 𝛾𝛾 �𝐻𝐻𝑧𝑧 −

𝑢𝑢
𝑐𝑐
𝐸𝐸𝑦𝑦� .  (S3) 

The textbook explanation of the Fizeau drag involves nothing more than applying the LT 83 
(S1) to the dispersion equation of light for a medium with a refractive index 𝑁𝑁0: 84 

  𝑁𝑁02(𝜔𝜔0)𝜔𝜔0
2 − 𝑐𝑐2𝑞𝑞02 = 0 . (S4) 

After a few lines of algebra, one finds that the phase velocity of light 𝑣𝑣𝑝𝑝 = 𝜔𝜔 𝑞𝑞⁄ =85 
𝑐𝑐 𝑁𝑁0(𝜔𝜔)⁄  observed in the stationary frame acquires a 𝑢𝑢 -dependent correction. The drag 86 
coefficient at a given frequency 𝜔𝜔 is given by 87 

 η𝜔𝜔 = �
𝜕𝜕𝑣𝑣𝑝𝑝
𝜕𝜕𝜕𝜕

�
  𝜔𝜔

=
𝑣𝑣𝑝𝑝
𝑣𝑣𝑔𝑔
�1 −

𝑣𝑣𝑝𝑝𝑣𝑣𝑔𝑔
𝑐𝑐2

� , (S5) 

where 𝑣𝑣𝑔𝑔 = 𝑑𝑑𝑑𝑑 𝑑𝑑𝑑𝑑⁄ = 𝑐𝑐[𝑑𝑑(𝜔𝜔𝑁𝑁0) 𝑑𝑑𝑑𝑑⁄ ]−1  is the group velocity. The drag coefficient at a given 88 
momentum 𝑞𝑞 is defined by 89 

 η𝑞𝑞 = �
𝜕𝜕𝑣𝑣𝑝𝑝
𝜕𝜕𝜕𝜕

�
  𝑞𝑞

=
𝑣𝑣𝑔𝑔
𝑣𝑣𝑝𝑝

η𝜔𝜔 = 1 −
𝑣𝑣𝑝𝑝𝑣𝑣𝑔𝑔
𝑐𝑐2

 . (S6) 

Equations (S5) and (S6) are valid for light propagating in the direction of motion, where 90 
the drag is the largest. The distinction between the two velocities 𝑣𝑣𝑝𝑝 and 𝑣𝑣𝑔𝑔 can be small in a 91 



weakly dispersive medium such as moving water in Fizeau’s experiments. However, for electron 92 
systems of interest to us, this distinction is significant. For instance, in a single-component cold 93 
plasma (e.g., electron gas) with particle density 𝑛𝑛, plasma frequency 𝜔𝜔𝑝𝑝(𝑛𝑛) = (4𝜋𝜋𝑒𝑒2𝑛𝑛 𝑚𝑚⁄ )1 2⁄ , 94 
and optical permittivity 𝜖𝜖(𝜔𝜔, 𝑞𝑞 = 0) = 𝑁𝑁02(𝜔𝜔) = 1 − 𝜔𝜔𝑝𝑝2 𝜔𝜔2⁄ , the group velocity is subluminal 95 
𝑣𝑣𝑔𝑔 = 𝑐𝑐𝑁𝑁0 < 𝑐𝑐 while the phase velocity is superluminal 𝑣𝑣𝑝𝑝 = 𝑐𝑐 𝑁𝑁0⁄ > 𝑐𝑐. The product 𝑣𝑣𝑝𝑝𝑣𝑣𝑔𝑔 is equal 96 
to 𝑐𝑐2, so that the drag is absent5,56,57.  By extension, η𝜔𝜔 = η𝑞𝑞 = 0 for solid-state electron plasmas 97 

with parabolic quasiparticle dispersion and arbitrary effective mass 𝑚𝑚, with the role of 𝑢𝑢 played 98 
by the drift velocity of the quasiparticles. For a solid with a non-parabolic band dispersion, 𝐹𝐹𝜔𝜔 is 99 
non-vanishing7. It is related to the derivative (𝜕𝜕𝜕𝜕 𝜕𝜕𝜕𝜕⁄ )𝜔𝜔 = −𝑐𝑐−1𝑁𝑁02η𝜔𝜔  of the refractive index 100 
with respect to 𝑢𝑢 . Since the drift of quasiparticles in a conductor requires the application of a dc 101 
electric field, the Fizeau drag of light is a particular case of the second-order optical nonlinearity. 102 
The input spectral parameters of this nonlinear process are 𝜔𝜔1 = 𝐪𝐪1 = 0, 𝜔𝜔2 = 𝜔𝜔, 𝐪𝐪2 = 𝐪𝐪, and 103 
the output parameters are 𝜔𝜔3 = 𝜔𝜔, 𝐪𝐪3 = 𝐪𝐪. (Henceforth, bold symbols should be understood as 104 
either column vectors or matrices.) In general, an order 𝑢𝑢𝑘𝑘 correction to the refractive index is a 105 
manifestation of a (𝑘𝑘 + 1)st-order nonlinear optical response: schematically, dc × 𝑘𝑘 +  ac → ac. 106 
All such nonlinearities require band non-parabolicity. Actually, free electrons also have a non-107 

parabolic energy-momentum dispersion 𝜀𝜀(𝑝𝑝) = 𝑐𝑐�𝑚𝑚2𝑐𝑐2 + 𝑝𝑝2, so that η𝑞𝑞 ∼ 𝑣𝑣𝐹𝐹2 𝑐𝑐2⁄  rather than 108 

null for electron gas (see Table S1). Here 𝑣𝑣𝐹𝐹 is the Fermi velocity.  109 

In this work, we are interested in the analog of the Fizeau drag for plasmons. The drag 110 
coefficients for light and for plasmons can be very different. This is because the dispersion 111 
equation for plasmons is 𝜖𝜖(𝜔𝜔,𝐪𝐪) = 0  unlike Eq. (S4) for light. Although it is mathematically 112 
possible to define a refractive index for plasmons, it is more straightforward to apply the LT (S1) 113 
directly to 𝜖𝜖(𝜔𝜔,𝐪𝐪) = 0 . For example, for the non-relativistic electron gas, neglecting terms 114 
𝑂𝑂(𝑣𝑣𝐹𝐹2 𝑐𝑐2⁄ ) , one finds 𝜔𝜔0 = 𝜔𝜔𝑝𝑝(𝑛𝑛0) = const for the stationary plasma, and so 𝜔𝜔 = 𝛾𝛾−1𝜔𝜔0(𝑛𝑛0) +115 

𝑢𝑢𝑢𝑢 = 𝛾𝛾−3 2⁄ 𝜔𝜔𝑝𝑝(𝑛𝑛) + 𝑞𝑞𝑞𝑞 for the moving plasma. Here 𝑛𝑛 = 𝛾𝛾𝑛𝑛0 is the carrier density measured in 116 
the proper frame. [This last relation follows from Eq. (S2) with 𝑗𝑗0𝑥𝑥 = 0.] Hence, the constant-𝑞𝑞 117 
drag coefficient for plasmons by the electron gas is η𝑞𝑞 = 1  instead of η𝑞𝑞 = 0  for light. In a 118 

relativistic plasma or in a solid with non-parabolic band dispersion, we expect 0 < η𝑞𝑞 < 1 for 119 

plasmons. The case of graphene is a prime example; it is studied in detail in the remaining 120 
sections. A summary of Fresnel-Fizeau drag coefficients for some cases can be found in Table S1. 121 

A further insight into the difference between the light drag and the plasmon drag can be 122 
gained by exploring the LTs for the longitudinal and transverse permittivities. In fact, the 123 
dispersion of light (S4) is determined by the transverse permittivity, while for the plasmon 124 
dispersion, 𝜖𝜖(𝜔𝜔,𝐪𝐪)  in Eq. (S6) is longitudinal. When both 𝐪𝐪  and 𝐮𝐮  are in the 𝑥𝑥 -direction, the 125 
longitudinal permittivity is simply the 𝑥𝑥𝑥𝑥-component of the full permittivity tensor 𝛜𝛜. We denote 126 
its values in the co-moving and stationary frames by 𝜖𝜖0𝑥𝑥𝑥𝑥 and 𝜖𝜖𝑢𝑢𝑥𝑥𝑥𝑥, respectively. It is easy to see 127 
that the longitudinal permittivity is LT-invariant, 𝜖𝜖𝑢𝑢𝑥𝑥𝑥𝑥(𝜔𝜔,𝐪𝐪,𝑛𝑛) = 𝜖𝜖0𝑥𝑥𝑥𝑥(𝜔𝜔0,𝐪𝐪0,𝑛𝑛0). Therefore, if 128 
𝜖𝜖0𝑥𝑥𝑥𝑥 is equal to zero at frequency 𝜔𝜔0, then 𝜖𝜖𝑢𝑢𝑥𝑥𝑥𝑥 is equal to zero at the transformed frequency 𝜔𝜔 =129 



𝛾𝛾(𝜔𝜔0 + 𝑢𝑢𝑞𝑞𝑥𝑥), consistent with the general rule. To prove this statement, we first express the 130 
permittivity tensor in terms of the optical conductivity tensor 𝛔𝛔(𝜔𝜔,𝐪𝐪):  131 

 𝛜𝛜(𝜔𝜔,𝐪𝐪) = 1 +
𝑖𝑖𝑞𝑞2

𝜔𝜔
𝑉𝑉(𝜔𝜔,𝐪𝐪)𝛔𝛔(𝜔𝜔,𝐪𝐪) , (S7) 

where  𝑉𝑉(𝜔𝜔,𝐪𝐪) = 4𝜋𝜋 𝑞𝑞2⁄  is the Coulomb kernel. Since the 𝑞𝑞2 -factor cancels in Eq. (S7), this 132 
equation may appear contrived; however, it will prove useful for the later discussion of two-133 
dimensional (2D) systems. Similar to above, we denote the longitudinal conductivities observed 134 
in the co-moving and stationary frames by 𝜎𝜎0𝑥𝑥𝑥𝑥 and 𝜎𝜎𝑢𝑢𝑥𝑥𝑥𝑥, respectively. We can show that 135 

 𝜎𝜎𝑢𝑢𝑥𝑥𝑥𝑥(𝜔𝜔,𝐪𝐪,𝑛𝑛) = 𝜔𝜔
𝜔𝜔0
𝜎𝜎0𝑥𝑥𝑥𝑥(𝜔𝜔0,𝐪𝐪0,𝑛𝑛0) . (S8) 

Indeed, from the charge continuity equation we have 𝜔𝜔0𝜌𝜌0 − 𝑞𝑞0𝑥𝑥𝑗𝑗0𝑥𝑥 = 0. Substituting this 136 

into the second equation in (S2), we obtain 𝑗𝑗𝑥𝑥 = 𝜔𝜔
𝜔𝜔0
𝑗𝑗0𝑥𝑥. In the co-moving frame the system is 137 

isotropic, so that the tensor 𝛔𝛔0 is diagonal (we assume no static magnetic field is present). Hence, 138 
from Ohm’s law 𝐣𝐣(𝜔𝜔,𝐪𝐪) = 𝛔𝛔(𝜔𝜔,𝐪𝐪)𝐄𝐄(𝜔𝜔,𝐪𝐪) we get 𝑗𝑗0𝑥𝑥 = 𝜎𝜎0𝑥𝑥𝑥𝑥𝐸𝐸0𝑥𝑥. From Eq. (S3), the 𝑥𝑥-component 139 
of the electric field is invariant; hence, 𝑗𝑗0𝑥𝑥 = 𝜎𝜎0𝑥𝑥𝑥𝑥𝐸𝐸𝑥𝑥 , which yields Eq. (S8). Finally, substituting 140 
Eq. (S8) into (S7), we find 𝜖𝜖𝑥𝑥𝑥𝑥 = 𝜖𝜖0𝑥𝑥𝑥𝑥, as stated above. 141 

In contrast, if we consider a transverse EM wave (light) polarized in the 𝑦𝑦-direction with 142 
𝐪𝐪 in the 𝑥𝑥-𝑧𝑧 plane, then 𝐻𝐻0𝑧𝑧 = (𝑐𝑐𝑞𝑞0𝑥𝑥 𝜔𝜔0⁄ )𝐸𝐸0

𝑦𝑦 from the Faraday law and 𝐸𝐸𝑦𝑦 = (𝜔𝜔 𝜔𝜔0⁄ )𝐸𝐸0
𝑦𝑦, 𝑗𝑗𝑦𝑦 = 𝑗𝑗0

𝑦𝑦 143 
from the LTs. Accordingly, the 𝑦𝑦𝑦𝑦-component or “transverse conductivity” transforms as 144 

𝜎𝜎𝑢𝑢
𝑦𝑦𝑦𝑦(𝜔𝜔,𝐪𝐪,𝑛𝑛) = 𝜔𝜔0

𝜔𝜔
𝜎𝜎0
𝑦𝑦𝑦𝑦(ω0,𝐪𝐪0,𝑛𝑛0) . (S9) 

Note that the frequency ratio is inverted compared to Eq. (S8). Equation (S9) implies the 145 
following transformation law of the refractive index: (𝑁𝑁2 − 1)𝜔𝜔2 = (𝑁𝑁02 − 1)𝜔𝜔0

2 .  146 

Adding the LT invariant 𝜔𝜔2 − 𝑐𝑐2𝑞𝑞2 = 𝜔𝜔0
2 − 𝑐𝑐2𝑞𝑞02  to both sides, we see that the light 147 

dispersion equation (S4) is invariant, as it should be. 148 

As mentioned in the main text, a number of response characteristics of graphene can be 149 
understood using relativistic analogies. We will do so below for the plasmon drag by electric 150 
current; the equations derived in this subsection will prove useful for this purpose. 151 

2.  Dispersion equation for graphene plasmons in a layered 2d heterostructure 152 

Similar to plasmons in bulk media, the dispersion equation for plasmons in graphene 153 
embedded in a layered structure is determined by the zeros of the longitudinal 154 
permittivity 𝜖𝜖(𝜔𝜔,𝐪𝐪). This permittivity is still given by Eq. (S7) but with the 2D version of the 155 
Coulomb kernel, 𝑉𝑉(𝜔𝜔,𝐪𝐪) = 2𝜋𝜋 𝜅𝜅𝜅𝜅⁄ . In the quasi-static limit 𝑞𝑞 ≡ |𝐪𝐪| ≫ 𝜔𝜔 𝑐𝑐⁄ , relevant for our 156 
experiments, the effective permittivity 𝜅𝜅(𝜔𝜔,𝐪𝐪) of the graphene environment is defined based on 157 

the condition that the 2D charge density 𝜌𝜌(𝑡𝑡, 𝐫𝐫) = 𝑒𝑒𝑖𝑖𝐪𝐪T𝐫𝐫−𝑖𝑖𝑖𝑖𝑖𝑖 of a propagating plasmon produces 158 



the scalar potential 𝜑𝜑(𝑡𝑡, 𝐫𝐫) = 𝑉𝑉(𝜔𝜔,𝐪𝐪)𝑒𝑒𝑖𝑖𝐪𝐪T𝐫𝐫−𝑖𝑖𝑖𝑖𝑖𝑖 in the graphene plane, where 𝐪𝐪𝐓𝐓 is the transpose 159 
of 𝐪𝐪. Therefore, the plasmon momentum  𝑞𝑞𝑝𝑝 = 𝑞𝑞1 + 𝑖𝑖𝑞𝑞2 is the solution of the equation 160 

 𝑞𝑞 =
𝑖𝑖𝑖𝑖
2𝜋𝜋

 
𝜅𝜅(𝜔𝜔,𝐪𝐪)
𝜎𝜎𝑥𝑥𝑥𝑥(𝜔𝜔,𝐪𝐪)  , (S10) 

which has been established in numerous previous studies (for a review, see8). To compute the 161 
effective permittivity 𝜅𝜅(𝜔𝜔,𝐪𝐪), we modeled our experimental device as a 2D heterostructure 162 
where graphene is located between two layers of encapsulating material (hBN): a top layer of 163 
thickness 𝑑𝑑1 and a bottom layer of thickness 𝑑𝑑2. This stack of layers resides on a SiO2 substrate. 164 
We treated hBN as a uniaxial material with in-plane permittivity 𝜖𝜖𝑥𝑥 and out-of-plane permittivity 165 
𝜖𝜖𝑧𝑧. The permittivity of SiO2 is 𝜖𝜖2 and that of the vacuum above the top hBN layer is 𝜖𝜖1. For this 166 
structure, depicted in Fig. S1, an analytical formula for 𝜅𝜅 is available18: 167 

 𝜅𝜅(𝜔𝜔,𝐪𝐪) =
1 − 𝑙𝑙1𝑙𝑙2

(1 + 𝑙𝑙1)(1 + 𝑙𝑙2)
 √𝜖𝜖𝑥𝑥√𝜖𝜖𝑧𝑧 , (S11) 

where 𝑙𝑙𝑗𝑗 = 𝑟𝑟𝑗𝑗𝑒𝑒2𝑖𝑖𝑘𝑘
𝑧𝑧𝑑𝑑𝑗𝑗 , 𝑘𝑘𝑧𝑧 = 𝑖𝑖𝑖𝑖√𝜖𝜖𝑥𝑥/√𝜖𝜖𝑧𝑧 , and 𝑟𝑟𝑗𝑗 = (√𝜖𝜖𝑥𝑥 √𝜖𝜖𝑧𝑧 − 𝜖𝜖𝑗𝑗)/(√𝜖𝜖𝑥𝑥 √𝜖𝜖𝑧𝑧 + 𝜖𝜖𝑗𝑗). In the limit 168 

𝑞𝑞𝑑𝑑1 → 0 , 𝑞𝑞𝑞𝑞2 → ∞ , Eq. (S11) predicts a momentum-independent effective permittivity 𝜅𝜅 =169 

�𝜖𝜖1 + √𝜖𝜖𝑥𝑥√𝜖𝜖𝑧𝑧 � 2⁄ . For parameters probed in our experiments (𝜔𝜔 = 890 cm−1 , 𝑞𝑞 ≈ 3 ×170 
105 cm−1), the 𝑞𝑞-dependence of 𝜅𝜅, which we calculated numerically using Eq. (S11), is indeed 171 
fairly weak: 172 

 𝜅𝜅 ≈ 2.5,
𝜕𝜕 ln 𝜅𝜅
𝜕𝜕 ln 𝑞𝑞

≈ 0.08. (S12) 

On the other hand, the frequency dependence of 𝜅𝜅(𝜔𝜔, 𝑞𝑞) is significant in and near the 173 
lower Reststrahlen band of hBN, 760 < 𝜔𝜔 (cm−1) < 825.  174 

While knowing 𝜅𝜅 is important for the quantitative calculation of the plasmon dispersion 175 
(see Figs. S2 and S3 below), the physics of the plasmon drag originates from the effect of the 176 
carrier drift on the longitudinal conductivity, which is the subject of the following two subsections. 177 

 178 

 

Figure S1. Configuration of the model of graphene encapsulated in hBN. 



3. Optical conductivity and plasmon dispersion of graphene without dc current  179 

A conventional method of computing the optical conductivity 𝜎𝜎0 in equilibrium is to use 180 
the random-phase approximation (RPA). If quasiparticle scattering is neglected and 𝑇𝑇 = 0, the 181 
RPA yields the following analytical formula for graphene58,59,60:  182 

 𝜎𝜎0𝑥𝑥𝑥𝑥(𝜔𝜔,𝐪𝐪) = 𝜎𝜎0,𝜇𝜇=0
𝑥𝑥𝑥𝑥 �1 + 𝐺𝐺 �

ℏ𝜁𝜁 + 2|𝜇𝜇0|
ℏ𝑣𝑣𝐹𝐹𝑞𝑞

� − 𝐺𝐺 �
ℏ𝜁𝜁 − 2|𝜇𝜇0|
ℏ𝑣𝑣𝐹𝐹𝑞𝑞

�� −
2𝑖𝑖
𝜋𝜋
𝑒𝑒2𝜔𝜔|𝜇𝜇0|
(ℏ𝑣𝑣𝐹𝐹𝑞𝑞)2 , (S13.1) 

 𝜎𝜎0,𝜇𝜇=0
𝑥𝑥𝑥𝑥 = −𝑖𝑖

𝑒𝑒2

4ℏ
𝜁𝜁

�𝑣𝑣𝐹𝐹2𝑞𝑞2 − 𝜁𝜁2
 , 𝜁𝜁 = 𝜔𝜔 + 𝑖𝑖0+, (S13.2) 

 𝐺𝐺(𝑥𝑥) = −
1
𝜋𝜋
�𝑥𝑥�1 − 𝑥𝑥2 − arccos 𝑥𝑥� . (S13.3) 

Here 𝜇𝜇0(𝑛𝑛0) = sgn(𝑛𝑛0) ℏ𝑘𝑘𝐹𝐹𝑣𝑣𝐹𝐹 is the graphene Fermi energy, 𝑘𝑘𝐹𝐹 = |𝜋𝜋𝑛𝑛0|1 2⁄  is the Fermi 183 
momentum, and 𝑛𝑛0 is the quasiparticle density. The RPA formula simplifies considerably if the 184 
energy scales ℏ𝜔𝜔 and ℏ𝑣𝑣𝐹𝐹𝑞𝑞 are much smaller than |𝜇𝜇0|, i.e., in the quasi-classical limit:  185 

 𝜎𝜎0𝑥𝑥𝑥𝑥(𝜔𝜔,𝐪𝐪) =
2𝐷𝐷(𝑛𝑛0)

𝜋𝜋
𝑖𝑖𝑖𝑖

�𝜔𝜔 + �𝜔𝜔2 − 𝑣𝑣𝐹𝐹2𝑞𝑞2��𝜔𝜔2 − 𝑣𝑣𝐹𝐹2𝑞𝑞2
+ 𝑂𝑂 �

ℏ𝜔𝜔
|𝜇𝜇0|�

 (S14) 

 =
𝑖𝑖
𝜋𝜋

 
𝐷𝐷
𝜔𝜔
�1 +

𝑣𝑣02𝑞𝑞2

𝜔𝜔2 + ⋯�  , 𝑣𝑣0 =
√3
2
𝑣𝑣𝐹𝐹 ,  (S15) 

where 𝐷𝐷(𝑛𝑛0) = (𝑒𝑒2 ℏ2⁄ )|𝜇𝜇0(𝑛𝑛0)|  is the Drude weight. Combining Eqs. (S10) and (S13), one 186 
arrives at the plasmon dispersion relation in equilibrium: 187 

 𝜔𝜔2(𝑞𝑞) =
2𝐷𝐷(𝑛𝑛0)

𝜅𝜅
𝑞𝑞 + 𝑣𝑣02𝑞𝑞2 + ⋯ , 𝑞𝑞 ≪

𝜔𝜔
𝑣𝑣𝐹𝐹

≪ 𝑘𝑘𝐹𝐹 . (S16) 

Actually, Eqs. (S14)-(S16) are not specific to graphene; they hold for any isotropic 2D 188 
electron gas. This can be seen from an alternative derivation of these results22 via the Boltzmann 189 

kinetic equation (BKE) for the quasiparticle distribution function 𝑓𝑓(𝐩𝐩) = 𝑓𝑓0(𝐩𝐩) + 𝛿𝛿𝛿𝛿(𝐩𝐩)𝑒𝑒𝑖𝑖𝐪𝐪T𝐫𝐫−𝑖𝑖𝑖𝑖𝑖𝑖 190 

in the presence of a perturbing in-plane electric field 𝐄𝐄(𝜔𝜔,𝐪𝐪)𝑒𝑒𝑖𝑖𝐪𝐪T𝐫𝐫−𝑖𝑖𝑖𝑖𝑖𝑖: 191 

 𝑖𝑖(𝐪𝐪𝐓𝐓𝐯𝐯(𝐩𝐩) −𝜔𝜔)𝛿𝛿𝛿𝛿(𝐩𝐩) − 𝑒𝑒𝐄𝐄T(𝜔𝜔,𝐪𝐪)∇𝐩𝐩𝑓𝑓0(𝐩𝐩) = 𝐼𝐼,      𝑓𝑓0(𝐩𝐩) =
1

𝑒𝑒(𝜀𝜀(𝐩𝐩)−𝜇𝜇) 𝑘𝑘𝐵𝐵𝑇𝑇⁄ + 1
 . (S17) 

Here 𝜀𝜀(𝐩𝐩)  is the energy of a quasiparticle with momentum 𝐩𝐩  and 𝐯𝐯𝐩𝐩 = ∇𝐩𝐩𝜀𝜀(𝐩𝐩)  is its 192 
velocity, and 𝐪𝐪Tmeans the transpose of the vector 𝐪𝐪 such that its product with another vector 193 
gives their inner product. In graphene, one is to use 𝜀𝜀(𝐩𝐩) = sgn(𝜇𝜇) 𝑣𝑣𝐹𝐹|𝐩𝐩|. If the collision integral 194 
𝐼𝐼 = 𝐼𝐼[𝑓𝑓] is set to zero, then 𝛿𝛿𝛿𝛿(𝐩𝐩) = 𝑖𝑖𝑖𝑖𝐄𝐄T ∇𝐩𝐩𝑓𝑓0(𝐩𝐩) �𝜔𝜔 − 𝐪𝐪𝐓𝐓𝐯𝐯𝐩𝐩�� , from which Eq. (S14) follows 195 
easily. 196 



The BKE becomes the method of choice if quasiparticle scattering is important. Two types 197 
of processes should be distinguished. First, quasiparticles in graphene can interact with 198 
impurities and phonons. We estimate the corresponding scattering rate Γ to be relatively small, 199 
perhaps a fraction of a THz  because of the high quality of the 2D materials in our device and 200 
because of the suppression of electron-phonon scattering at the measurement temperature 𝑇𝑇 ∼201 
170 K. If 𝜔𝜔 ≫ 𝑣𝑣𝐹𝐹𝑞𝑞, which is the case for plasmons, qualitatively correct results are obtained by 202 
including Γ via the relaxation-time approximation 𝐼𝐼[𝑓𝑓] ∼ −Γ𝛿𝛿𝛿𝛿. This leads to the replacement of 203 
𝜔𝜔 by 𝜔𝜔 + 𝑖𝑖Γ in Eq. (S14). Accordingly, in the frequency range of interest, 𝜔𝜔 ≫ Γ, this scattering 204 
mechanism affects 𝑞𝑞2 = Im 𝑞𝑞𝑝𝑝 but not 𝑞𝑞1 = Re 𝑞𝑞𝑝𝑝, i.e., it modifies the damping rather than the 205 
dispersion of the plasmons. 206 

Another source of scattering is electron-electron interaction. The electron-electron 207 
scattering rate can be estimated as Γ𝑒𝑒𝑒𝑒 ∼ 𝑇𝑇2 |𝜇𝜇0|⁄ ∼ 1 THz , which is higher than Γ . The 208 
collisionless approximation used to derive Eqs. (S16) and (S17) is justified only if the inequality 209 
𝜔𝜔 ≫ Γ𝑒𝑒𝑒𝑒, Γ is satisfied. On the other hand, this approximation becomes questionable in the so-210 
called hydrodynamic regime Γ ≪ 𝜔𝜔 ≪ Γ𝑒𝑒𝑒𝑒  where electron-electron interaction causes 211 
quasiparticles to behave collectively, as a fluid26,27,31.  It is instructive to review the response of 212 
graphene in this regime because one can argue that it is not too far from our experimental 213 
frequency range. 214 

Theoretical analysis of the hydrodynamic regime involves solving the equations of motion 215 
for collective variables, such as local density 𝑛𝑛(𝑡𝑡, 𝐫𝐫) and flow velocity 𝐮𝐮(𝑡𝑡, 𝐫𝐫).  These equations 216 
can be derived from the BKE, assuming the local quasiparticle distribution function is constrained 217 
to be in the form 218 

 𝑓𝑓𝑢𝑢(𝐩𝐩) =
1

𝑒𝑒(𝜀𝜀(𝐩𝐩)−𝐮𝐮T𝐩𝐩−𝜇𝜇𝑢𝑢) 𝑘𝑘𝐵𝐵𝑇𝑇⁄ + 1
 ,      

for which the collision integral 𝐼𝐼[𝑓𝑓𝑢𝑢]  vanishes. For classical fluids, the change from 𝑓𝑓0(𝐩𝐩) to 𝑓𝑓𝑢𝑢(𝐩𝐩) 219 
can be considered a Galilean transformation. However, a more physically and mathematically 220 
appealing picture of the electron hydrodynamics of graphene is developed if it is modeled instead 221 
after relativistic fluids, with the speed of light replaced by 𝑣𝑣𝐹𝐹. This is because i) admissible drift 222 
velocities for which  𝑓𝑓𝑢𝑢(𝐩𝐩)  is integrable are restricted to 𝑢𝑢 < 𝑣𝑣𝐹𝐹  and ii) for such 𝑢𝑢  the Dirac 223 
dispersion of quasiparticles is invariant under the quasi-Lorentz transformations (QLT) 224 

 𝜀𝜀0(𝐩𝐩) = 𝛾𝛾(𝜀𝜀(𝐩𝐩) − 𝑢𝑢𝑝𝑝𝑥𝑥) = 𝜀𝜀(𝐩𝐩0), 𝑝𝑝0𝑥𝑥 = 𝛾𝛾 �𝑝𝑝𝑥𝑥 −
𝑢𝑢
𝑣𝑣𝐹𝐹2
𝜀𝜀(𝐩𝐩)� , 𝑝𝑝0

𝑦𝑦 = 𝑝𝑝𝑦𝑦. (S18) 

From here onwards, 𝛾𝛾 = (1 − 𝑢𝑢2/𝑣𝑣𝐹𝐹2)−1 2⁄  is the quasi-Lorentz factor introduced in the main text. 225 
Unfortunately, the collision integral in the BKE is not invariant under the QLT for the realistic 226 
Coulomb interaction. However, it would be invariant if the interaction were short-range. 227 
Therefore, relativistic hydrodynamics can be a good approximation for graphene if the short-228 
range part of the interaction is strong enough to enforce local equilibrium but not so strong as to 229 



alter the basic thermodynamic equation of state. Additionally, the macroscopic EM field created 230 
by the long-range tail of the Coulomb interaction must be treated using the usual Lorentz 231 
transformation (LT), which reduces to the Galilean one in the quasi-static case. In other words, 232 
one has to use a hybrid approach: QLT for matter, LT for the EM field. Note that the Coulomb 233 
interaction kernel 𝑉𝑉(𝜔𝜔,𝐪𝐪) = 2𝜋𝜋 𝜅𝜅𝜅𝜅⁄  can, in principle, be controlled experimentally through 234 
engineering of the graphene environment and its effective permittivity 𝜅𝜅(𝜔𝜔,𝐪𝐪) (Sec. 2). Finally, 235 
corrections to the hydrodynamic approximation do exist and they scale as 1 Γ𝑒𝑒𝑒𝑒⁄ . 236 

For the equilibrium longitudinal conductivity, the hydrodynamic theory plus a first such 237 
correction gives the formula 238 

 𝜎𝜎0𝑥𝑥𝑥𝑥(𝜔𝜔,𝐪𝐪) =
𝑖𝑖
𝜋𝜋

 
𝐷𝐷ℎ𝜔𝜔

𝜔𝜔2 − 𝑣𝑣𝑑𝑑2𝑞𝑞2
+
𝐷𝐷 − 𝐷𝐷ℎ
𝜋𝜋Γ𝑒𝑒𝑒𝑒

 , (S19) 

where 𝐷𝐷ℎ = 𝐷𝐷ℎ(𝑛𝑛0,𝑇𝑇) is a “hydrodynamic” Drude weight (Ref.31 and references therein). At 239 
temperatures ≪ |𝜇𝜇| , which is our experimental situation, 𝐷𝐷ℎ approaches the usual Drude weight 240 
𝐷𝐷. Therefore, at 𝑞𝑞 ≪ 𝜔𝜔 𝑣𝑣𝐹𝐹⁄ , the expressions for the conductivity and the plasmon dispersion 241 
differ from Eqs. (S15) and (S16) only in the coefficient for the 𝑞𝑞2  term. Specifically, 𝑣𝑣0  gets 242 
replaced by 𝑣𝑣𝑑𝑑, the velocity of a sound-like collective mode (referred to as the energy wave or 243 

demon31), which is equal to 𝑣𝑣𝐹𝐹 √2⁄  for weak Coulomb interaction. The alteration of the 𝑞𝑞2 term 244 
can be traced to the different shapes of the Fermi surface perturbation caused by the electric 245 
field in the two regimes. In the hydrodynamic case, the displacement of the Fermi surface is 246 
angle-dependent; in the collisionless one, it is a rigid shift. 247 

By inversion symmetry, the leading momentum-dependent correction to the conductivity 248 
should always be quadratic. Therefore, Eq. (S16) should be valid for any relation between 𝜔𝜔 and 249 
Γ𝑒𝑒𝑒𝑒 as long as we use the correct 𝑣𝑣0 = 𝑣𝑣0(𝜔𝜔). If desired, an interpolation formula for 𝑣𝑣0(𝜔𝜔) can 250 
be derived following Ref. 31. We expect that 𝑣𝑣0 monotonically increases as frequency increases 251 
and the system behavior evolves from hydrodynamic to collisionless20,22. We will see that 𝑣𝑣0 252 
affects the plasmon drag coefficient later. 253 

4.  Optical conductivity of graphene in the current-carrying state  254 

We proceed to examine the plasmonic response of graphene with a uniform dc current. 255 
Assuming  Γ𝑒𝑒𝑒𝑒 ≫ Γ, the steady state can be approximated by a hydrodynamic flow with the 256 
quasiparticle distribution function in the form 257 

 𝑓𝑓𝑢𝑢(𝐩𝐩) =
1

𝑒𝑒(𝜀𝜀(𝐩𝐩)−𝐮𝐮T𝐩𝐩−𝜇𝜇𝑢𝑢) 𝑇𝑇⁄ + 1
=

1
𝑒𝑒(𝜀𝜀(𝐩𝐩0)−𝜇𝜇0) 𝛾𝛾𝛾𝛾⁄ + 1

 ,      

where 𝜀𝜀(𝐩𝐩0)  is given by Eq. (S18). The choice of the “proper” chemical potential 𝜇𝜇0  in this 258 
expression must preserve the quasiparticle density 𝑛𝑛, which remains fixed by the gate voltage in 259 
our experiment. In other words, 𝑛𝑛 is independent of 𝑢𝑢, while the quasiparticle density in the 260 
“proper frame,” 𝑛𝑛0 = 𝑛𝑛 𝛾𝛾⁄   (see Sec. 1), is a mathematical construct that varies with 𝑢𝑢 . The 261 
situation is opposite to Fizeau’s experiments where the density 𝑛𝑛0 in the proper frame was a 262 



physical constant. For non-degenerate quasiparticle gas in graphene we have |𝑛𝑛0| ∝ 𝜇𝜇02, so that 263 
the appropriate choice of 𝜇𝜇0 for us is 𝜇𝜇0(𝑢𝑢) = 𝜇𝜇0(0) 𝛾𝛾1 2⁄⁄  and 𝜇𝜇𝑢𝑢 = 𝜇𝜇0(𝑢𝑢) 𝛾𝛾⁄ = 𝜇𝜇0(0) 𝛾𝛾3 2⁄⁄ .[61] 264 

Let us discuss the “longitudinal conductivity” 𝜎𝜎𝑢𝑢𝑥𝑥𝑥𝑥 in the current-carrying state, starting 265 
with the collisionless limit. In this limit 𝜔𝜔 ≫ Γ, Γ𝑒𝑒𝑒𝑒, and so we can ignore both scattering rates. To 266 

find 𝜎𝜎𝑢𝑢𝑥𝑥𝑥𝑥, one can solve the BKE (S17) using the ansatz 𝑓𝑓(𝐩𝐩) = 𝑓𝑓𝑢𝑢(𝐩𝐩) + 𝛿𝛿𝛿𝛿(𝐩𝐩)𝑒𝑒𝑖𝑖𝐪𝐪T𝐫𝐫−𝑖𝑖𝑖𝑖𝑖𝑖. For 𝐪𝐪 ∥267 
𝐮𝐮 ∥ 𝐱𝐱�, the result is22 268 

 𝜎𝜎𝑢𝑢𝑥𝑥𝑥𝑥(𝜔𝜔,𝐪𝐪) =
2𝐷𝐷(𝑛𝑛0)

𝜋𝜋
𝑖𝑖𝑖𝑖

�𝛾𝛾(𝜔𝜔 − 𝑢𝑢𝑢𝑢) + �𝜔𝜔2 − 𝑣𝑣𝐹𝐹2𝑞𝑞2��𝜔𝜔2 − 𝑣𝑣𝐹𝐹2𝑞𝑞2
 . (S21) 

Comparing with Eq. (S10), we see that (S21) is consistent with Eq. (S8). [Note that 𝜔𝜔0
2 − 𝑣𝑣𝐹𝐹2𝑞𝑞02 =269 

𝜔𝜔2 − 𝑣𝑣𝐹𝐹2𝑞𝑞2 .] For the convenience of the reader, we reproduce Eq. (S8) together with the 270 
subsidiary QLT expressions below: 271 

 
𝜎𝜎𝑢𝑢𝑥𝑥𝑥𝑥(𝜔𝜔,𝐪𝐪,𝑛𝑛) =

𝜔𝜔
𝜔𝜔0

𝜎𝜎0𝑥𝑥𝑥𝑥(𝜔𝜔0,𝐪𝐪0,𝑛𝑛0), 

  𝜔𝜔0 = 𝛾𝛾(𝜔𝜔 − 𝑢𝑢𝑢𝑢) , 𝑞𝑞0 = 𝛾𝛾 �𝑞𝑞 −
𝑢𝑢
𝑐𝑐2
𝜔𝜔� , 𝑛𝑛0 =

𝑛𝑛
𝛾𝛾

 . 
(S8’) 

A small-𝑢𝑢  approximation to this equation was previously derived 62  by means of a Galilean 272 
transformation 𝜔𝜔0 = 𝜔𝜔 − 𝑢𝑢𝑢𝑢 (i.e., neglecting the difference between 𝛾𝛾 and unity). We see now 273 
that the transformation rule (S8’) obtained by the QLT extends the validity of this formula to an 274 
arbitrary drift velocity 𝑢𝑢 < 𝑣𝑣𝐹𝐹. The reasons why the QLT works are as follows: i) we are assuming 275 
that the steady-state distribution 𝑓𝑓𝑢𝑢(𝐩𝐩) is the QLT of the equilibrium one, 𝑓𝑓0(𝐩𝐩). The condition 276 
Γ𝑒𝑒𝑒𝑒 ≫ Γ is crucial for this unless 𝑢𝑢 𝑣𝑣𝐹𝐹⁄  is small; ii) we are assuming that the electric field 𝐄𝐄(𝜔𝜔,𝐪𝐪), 277 
the momentum 𝐪𝐪, and the drift velocity 𝐮𝐮 are all aligned, which makes the field invariant not only 278 
under the true transformation law (S3) but also under the QLT; and finally, iii) the left-hand side 279 
of the BKE (S17) is invariant under the QLT. Under these assumptions, Eq. (S8’) applies in the 280 
hydrodynamic regime as well, so that no separate derivation for that regime is needed. 281 

5.  Analytical results for the Fizeau plasmon drag  282 

Combining Eqs. (S8’), (S10), and (S15), we arrive at the plasmon dispersion equation 283 

  𝜔𝜔0
2 ≃

2𝐷𝐷(𝑛𝑛0)𝑞𝑞
𝜅𝜅(𝜔𝜔, 𝑞𝑞) + 𝑣𝑣02𝑞𝑞02 , (S22) 

where 𝜔𝜔0 and 𝑞𝑞0 are defined in the second row of Eq. (S8’). For a given 𝑞𝑞, Eq. (S22) is quadratic 284 
in 𝜔𝜔, so the solution is easy to find: 285 

  𝜔𝜔 ≃ �1 −
𝑣𝑣02𝑢𝑢2

𝑣𝑣𝐹𝐹4
�
−1

�η𝑢𝑢𝑢𝑢 + � �1 −
𝑣𝑣02𝑢𝑢2

𝑣𝑣𝐹𝐹4
�Ω2 + (η𝑢𝑢𝑢𝑢)2 � . (S23.1) 



Here Ω2 and 𝐹𝐹 stand for 286 

 Ω2 = �1 −
𝑢𝑢2

𝑣𝑣𝐹𝐹2
�

2𝐷𝐷(𝑛𝑛0)
𝜅𝜅

𝑞𝑞 + (𝑣𝑣02 − 𝑢𝑢2)𝑞𝑞2 , (S23.2) 

  η(𝜔𝜔) = 1 −
𝑣𝑣02

𝑣𝑣𝐹𝐹2
= �

1 4⁄  , massless, 𝜔𝜔 ≫ Γ𝑒𝑒𝑒𝑒 ,
1 2⁄  , massless, 𝜔𝜔 ≪ Γ𝑒𝑒𝑒𝑒 ,
     1  , parabolic band.               

 (S23.3) 

Expanding Eq. (S23.1) to the second order in 𝑢𝑢, we arrive at 287 

  𝜔𝜔 ≃ � 
2𝐷𝐷(𝑛𝑛)𝑞𝑞
𝜅𝜅(𝜔𝜔, 𝑞𝑞)  �1 −

1
2 �

η +
1
4

 �
𝑢𝑢2

𝑣𝑣𝐹𝐹2
 � + η𝑢𝑢𝑢𝑢 .  (S24) 

The constant  1
4
  inside the square brackets compensates for the switch from 𝑛𝑛0 to 𝑛𝑛 = 𝛾𝛾𝑛𝑛0 in the 288 

argument of the function 𝐷𝐷(𝑛𝑛) ∝ |𝑛𝑛|1 2⁄ , as discussed above. In comparison, Ref.22 gives the 289 
following result (in our notations): 290 

  𝜔𝜔 = � 
2𝛾𝛾
𝛾𝛾 + 1

 � 
2𝐷𝐷(𝑛𝑛0(𝜇𝜇𝑢𝑢))
𝜅𝜅(𝜔𝜔, 𝑞𝑞) 𝑞𝑞  +

1
2

 
𝛾𝛾

𝛾𝛾 + 1
𝑢𝑢𝑢𝑢 + 𝑂𝑂�𝑞𝑞3 2⁄ � ,  (S25) 

which agrees with Eq. (S24) if we recall that 𝜇𝜇𝑢𝑢 = (𝜇𝜇0(0)) ⁄ 𝛾𝛾3 2⁄  (Sec. 4) and use η = 1 4⁄ , which 291 
is appropriate for the collisionless limit. Equation (S25) can be obtained by combining Eq. (S10) 292 
with Eq. (S21) expanded to the second order in 𝑞𝑞. The Fizeau plasmon drag effect we have sought 293 
to analyze is the difference between the plasmon dispersion Eq. (S24) for the drifting electrons 294 
and Eq. (S16) for the equilibrium state. For example, we see that the linear correction to the 295 
plasmon phase velocity is η𝑢𝑢, so that η plays the role of the drag coefficient (hence, the notation). 296 
The 𝑂𝑂(𝑢𝑢2) term inside the square brackets represents an effective reduction of the Drude weight. 297 
As mentioned in Sec. 1, it can be understood as the third-order optical nonlinearity. For graphene 298 
in a hydrodynamic regime, the third-order optical conductivity at arbitrary input frequencies was 299 
computed recently in Ref. 63. Equation (23) therein agrees with Eq. (S24) in the appropriate limit.  300 

Note that a derivation of the plasmon drag effect can also be done, with minimal changes, 301 

for massive Dirac fermions with energy dispersion 𝜀𝜀(𝐩𝐩) = 𝑐𝑐�𝑚𝑚2𝑐𝑐2 + 𝑝𝑝2  . In a 𝑑𝑑-dimensional 302 

degenerate free Fermi gas in a collisionless regime, we find 𝑣𝑣02 = 3
𝑑𝑑+2

𝑣𝑣𝐹𝐹2 , which leads to the 303 

formula η𝑞𝑞 = 1 − 3
5
𝑣𝑣𝐹𝐹
2

𝑐𝑐2
 in Table S1. For Fermi energies near the bottom of the band, where it is 304 

nearly parabolic, the Fermi velocity and hence the characteristic velocity 𝑣𝑣0 are much smaller 305 
than 𝑐𝑐. In this “non-relativistic” limit, the drag coefficient η𝑞𝑞 approaches unity [Eq. (S23.3), last 306 

row] while the Drude weight exhibits no reduction6,7,30,64,65 because of the restored Galilean 307 
invariance. Conversely, the reduction of the drag coefficient η below unity and the existence of 308 



the nonlinear-in-𝑢𝑢 frequency shift in Eq. (S24) are manifestations of a broken Galilean invariance 309 
in graphene. 310 

In the experiment, 𝜔𝜔 is fixed and the shift Δ𝑞𝑞(𝑢𝑢) of the plasmon momentum is measured. 311 
Therefore, for comparison between theory and experiment, we need to solve for Δ𝑞𝑞  from 312 
Eq. (S22). This is similar to the transition from Eq. (S5) to Eq. (S6). Keeping only the terms up to 313 
𝑂𝑂(𝑢𝑢2), the result is 314 

 
Δ𝑞𝑞
𝑞𝑞
≃ −

η𝑢𝑢
𝑣𝑣𝑔𝑔

+
1
2 �η +

1
4

 �
𝑣𝑣𝑝𝑝
𝑣𝑣𝑔𝑔

 
𝑢𝑢2

𝑣𝑣𝐹𝐹2
 , 𝑣𝑣𝑔𝑔 =

𝑣𝑣𝑝𝑝
2
�1 +

𝑣𝑣02

𝑣𝑣𝑝𝑝2
 � −

𝑣𝑣𝑝𝑝
2
�1 −

𝑣𝑣02

𝑣𝑣𝑝𝑝2
 �
𝜕𝜕 ln 𝜅𝜅 
𝜕𝜕 ln 𝑞𝑞

 , (S26) 

where 𝑣𝑣𝑝𝑝 = 𝜔𝜔 𝑞𝑞⁄  is the plasmon phase velocity, 𝑣𝑣𝑔𝑔 = 𝜕𝜕𝜔𝜔rhs 𝜕𝜕𝑞𝑞⁄ , and 𝜔𝜔rhs stands for the square-315 
root of the right-hand side of Eq. (S22).  (If 𝜅𝜅 were frequency-independent, 𝑣𝑣𝑔𝑔 would be equal to 316 
the plasmon group velocity 𝑑𝑑𝑑𝑑 𝑑𝑑𝑑𝑑⁄ .) For the shift of the plasmon wavelength, we obtain 317 

 
Δ𝜆𝜆𝑝𝑝
𝜆𝜆𝑝𝑝

≃
η𝑢𝑢
𝑣𝑣𝑔𝑔

−
1
2 �η +

1
4

 �
𝑣𝑣𝑝𝑝
𝑣𝑣𝑔𝑔

 
𝑢𝑢2

𝑣𝑣𝐹𝐹2
 . (S27) 

In the 𝑂𝑂(𝑢𝑢2)  terms in Eqs. (S26), (S27), we neglected quantities containing the small 318 
parameter 𝑣𝑣0𝑞𝑞 𝜔𝜔⁄ = 𝑣𝑣0 𝑣𝑣𝑝𝑝⁄ ≪ 1 because such terms are already neglected in Eq. (S22). 319 

We can do quick estimates for our experimental situation, where the plasmon phase 320 

velocity is 𝑣𝑣𝑝𝑝 = 3.2𝑣𝑣𝐹𝐹 , the logarithmic derivative of 𝜅𝜅 is numerically small [Eq. (S12)], and η = 1
4 , 321 

so that 𝑣𝑣𝑔𝑔 ≈ 𝑣𝑣𝑝𝑝 2⁄ . The ratio of the quadratic and linear corrections in Δ𝜆𝜆𝑝𝑝 is then of the order of 322 
3.2𝑢𝑢 𝑣𝑣𝐹𝐹⁄ . For our highest quasiparticle drift velocities 𝑢𝑢 ∼ 0.17𝑣𝑣𝐹𝐹 , the quadratic correction is 323 
significant. This suggests that a numerical solution of the dispersion equation may be in order. 324 
We will discuss this solution in the next subsection. 325 

6.  Numerical results for the Fizeau plasmon drag 326 

In this subsection we present our numerical solutions of Eq. (S22). The calculated plasmon 327 
dispersions are shown in the left panel of Fig. S2. The dispersion has a complicated shape because 328 
of the frequency-momentum dependence of the effective permittivity 𝜅𝜅(𝜔𝜔,𝐪𝐪).  The dispersion 329 
is broken into two branches, one above and one below the Reststrahlen band of hBN. Our 330 
experiments are done at frequency 𝜔𝜔 = 890 cm−1, which belongs to the upper branch. At this 331 

frequency, 𝜅𝜅 ≈ 2.5  and slowly varies with 𝜔𝜔 , so that the canonical 𝜔𝜔 ∝ �𝑞𝑞  form of the 2D 332 
plasmon spectra is approximately restored. Fig. S2 demonstrates a systematic deformation of 333 
these spectra as 𝑢𝑢 increases first to 0.2𝑣𝑣𝐹𝐹, which is still practical, and then to 0.5𝑣𝑣𝐹𝐹, which is 334 
challenging to achieve experimentally.  To show the carrier drift-induced shift of the plasmon 335 
wavelength Δ𝜆𝜆𝑝𝑝 more clearly, we plotted it in the right panel of Fig. S2. The curve labeled “Kinetic” 336 

was calculated using 𝑣𝑣0 = √3
2
𝑣𝑣𝐹𝐹 in Eq. (S22), the one labeled “Hydrodynamic” is for 𝑣𝑣0 = √2

2
𝑣𝑣𝐹𝐹, 337 

and the one labeled “Galilean” is for a system that has a parabolic band dispersion and the same 338 



carrier density and Fermi velocity. In agreement with the estimate in Sec. 5, the “Hydrodynamic” 339 
and especially the “Kinetic” curves become visibly nonlinear at |𝑢𝑢| ∼ 0.1 𝑣𝑣𝐹𝐹. 340 

 341 

Figure S3 illustrates the effect of the environment on the Fizeau drag. It shows the results 342 
of the calculations done for the vacuum value 𝜅𝜅 = 1 of the effective permittivity. In that case, 343 
there is no Reststrahlen band and no gap in the plasmon spectrum. The plasmon wavelength is 344 
larger because for the same frequency and doping, it scales as 𝜆𝜆𝑝𝑝 ∝ 𝜅𝜅−1. As a result, the drift-345 
induced wavelength shift Δ𝜆𝜆𝑝𝑝 𝜆𝜆𝑝𝑝⁄  is smaller and the onset of nonlinear behavior occurs at smaller 346 
𝑢𝑢 than for the hBN-encapsulated graphene. 347 

 

Figure S2. a, The plasmon dispersion of the heterostructure shown in Fig. S1 with and without the dc current. b, The 
wavelength shift as a function of drift velocity at 𝜔𝜔 = 890 𝑐𝑐𝑚𝑚−2. Red (blue) curve is calculated assuming the system is in 
the collisionless (hydrodynamic) regime. Black curve is for an electron system with a parabolic band dispersion, for 
comparison (see text). The carrier density is 𝑛𝑛 = 2.88 × 1012 𝑐𝑐𝑚𝑚−2. 

 
Figure S3. a, The plasmon dispersion of free-standing graphene (𝜅𝜅 = 1). b, The wavelength shift as a function of drift 
velocity for the plasmon at frequency 𝜔𝜔 = 890 𝑐𝑐𝑚𝑚−2. Due to the third-order nonlinear optical effect present already at 
moderate 𝑢𝑢 , the frequency is down-shifted for plasmons propagating in both directions. The doping level is 𝑛𝑛 =
2.88 × 1012 𝑐𝑐𝑚𝑚−2.  



Figure S4 shows the effect of bringing the system close to the Dirac point where the Drude 348 
weight is greatly reduced and the plasmon frequency-momentum dispersion is much closer to 349 
the linear law, except at low 𝑞𝑞 .  In the former, linear dispersion regime, the plasmons co-350 
propagating with the flow have a higher phase velocity, while counter-propagating plasmons 351 
have a lower velocity, consistent with Ref. 20. In the latter, low-momentum region, shown in the 352 

right panel of Fig. S4, we have the 𝜔𝜔 ∝ �𝑞𝑞 dispersion. At large enough 𝑢𝑢, the plasmon frequency 353 
is reduced below its equilibrium value for either plasmon propagation direction.  354 

7. Remarks on nonlinearities and the Fizeau shift 355 

Here we clarify two different notions of nonlinearity that are both relevant to the results 356 
and analysis reported in the manuscript. The first one is the general notion of optical nonlinearity. 357 
The second is the notion of nonlinearity pertaining to the amount of Fizeau shift prompted by dc 358 
current as in Eq. (1) of the main text. As stated in the main text, these two notions can be 359 
translated into each other. 360 

We begin with the general notion of optical nonlinearity. The net plasmonic response is 361 
caused by two electric fields: one is the inhomogeneous near field 𝐸𝐸ac(𝜔𝜔)  at frequency 𝜔𝜔 362 
emitted by the gold antenna, and the other is the dc electric field 𝐸𝐸dc(0) from the source/drain 363 
that pushes the static current. Therefore, the linear Fizeau shift is itself a manifestation of the 364 
second order nonlinearity31 in the response current 𝜎𝜎(2)𝐸𝐸dc𝐸𝐸ac(𝜔𝜔) . This term is nonzero due to 365 
the inhomogeneity of 𝐸𝐸ac(𝜔𝜔). Given a fixed dc current, the plasmons are in linear response to 366 

the inhomogeneous 𝐸𝐸ac(𝜔𝜔). Therefore, they have fixed Fizeau shift d𝜆𝜆𝑝𝑝
𝜆𝜆𝑝𝑝

 everywhere. Nonlinear 367 

effects in 𝐸𝐸ac(𝜔𝜔) can occur for stronger excitations. The second-order effect in 𝐸𝐸ac(𝜔𝜔) will cause 368 
a signal at 2𝜔𝜔, inaccessible in our experiments. Going to an even higher order, the third-order 369 
effect in 𝐸𝐸ac(𝜔𝜔) can indeed result in different plasmon wavelengths at different locations relative 370 

to the antenna. However, this effect occurs for very strong fields: 𝐸𝐸ac(𝜔𝜔) > 𝐸𝐸𝑐𝑐 ∼
𝜔𝜔ℏ𝑘𝑘𝐹𝐹
𝑒𝑒

∼371 

 
Figure S4, The plasmon (demon, Sec. 3, assumed in the hydrodynamic regime) dispersion of free-standing graphene (𝜅𝜅 =
1) with a small doping, 𝜇𝜇0 = 13 𝑚𝑚𝑚𝑚𝑚𝑚, 𝑛𝑛 = 1.2 × 1010 𝑐𝑐𝑚𝑚−2. Right panel shows the enlarged low frequency-momentum 
part of the left panel. 



3 × 105 𝑉𝑉/𝑐𝑐𝑐𝑐 at our doping level (see Ref. 60), far beyond the field regime of our experiment. 372 
Note that electrostatic doping (e.g., the electrostatic field that introduces carriers into a device) 373 
can obviously affect an ac plasmonic response. This effect is usually not referred to as an optical 374 
nonlinearity because its effect on ac response is often nonperturbative. However, our static 375 
current-driven situation is different in that we can expand the plasmonic response strictly in 376 
powers of the dc electric field that causes the dc flow, making the analogy to nonlinear optics 377 
appropriate. 378 

We next address the notion of nonlinearity pertaining to the amount of Fizeau shift 379 
prompted by dc current as in Eq. (1) of the main text (Eq. S27). In that equation, the 𝑂𝑂(𝑢𝑢2) term 380 
is formally described a “second-order Fizeau shift”. Put in the broad context of nonlinearities 381 
discussed in the previous paragraph, the O(𝑢𝑢2) term can be viewed as a third-order nonlinear 382 
optical effect: the plasmons are impacted by the product 𝜎𝜎(3)𝐸𝐸dc2 𝐸𝐸ac(𝜔𝜔). This “second-order 383 
Fizeau shift” can be understood by noting that at order 𝑂𝑂(𝑢𝑢2), the dc current flow reduces the 384 
effective Drude weight for AC conductivity. The reduction is because the third-order nonlinear 385 
optical conductivity 𝜎𝜎(3) is negative in graphene due to the Dirac dispersion of electrons63.  386 



Table S1. Characteristics of Fresnel-Fizeau drag of light and plasmons in common classes of materials. 387 

 388 

 389 

 390 

Supplementary Table  

EM 
mode 

Material class 
Linear drag 

coefficient 𝛈𝛈𝒒𝒒 Comment 
Source or 
Referenc

e No. 

 

 

Light 

 

Simple 
dielectric 1 −

𝑣𝑣𝑝𝑝2

𝑐𝑐2
 𝑣𝑣𝑝𝑝 = 𝑣𝑣𝑔𝑔 [1] 

Dispersive 
dielectric 1 −

𝑣𝑣𝑝𝑝𝑣𝑣𝑔𝑔
𝑐𝑐2

  [66] 

Degenerate 3D 
electron gas 

2
5
𝑣𝑣𝐹𝐹2

𝑐𝑐2
 
𝜔𝜔𝑝𝑝4

𝜔𝜔4  𝜖𝜖𝑦𝑦𝑦𝑦 = 1 − 𝜔𝜔𝑝𝑝
2

𝜔𝜔2 �1 − 2
5
𝑣𝑣𝐹𝐹
2𝑞𝑞2

𝜔𝜔2 � This work 

Metal with a 
non-parabolic 

band dispersion 

2
5
𝜔𝜔𝑝𝑝2

𝜔𝜔2 �
𝑘𝑘𝐹𝐹
𝑣𝑣𝐹𝐹
𝑑𝑑𝑣𝑣𝐹𝐹
𝑑𝑑𝑘𝑘𝐹𝐹

− 1� 𝑂𝑂(𝑣𝑣𝐹𝐹0 𝑐𝑐0⁄ ) [7] 

Plasmon 
or SPP 

Degenerate 3D 
electron gas 1 −

3
5
𝑣𝑣𝐹𝐹2

𝑐𝑐2
  𝜖𝜖𝑥𝑥𝑥𝑥 = 1 − 𝜔𝜔𝑝𝑝

2

𝜔𝜔2 �1 − 3
5
𝑣𝑣𝐹𝐹
2𝑞𝑞2

𝜔𝜔2 � This work 

Metal-dielectric 
interface 

≃ 1 𝑞𝑞 ≫
𝜔𝜔𝑝𝑝
𝑐𝑐

≪ 1 𝑞𝑞 ≪
𝜔𝜔𝑝𝑝
𝑐𝑐

 

 

[23] 

2D electron gas ≃ 1  𝑂𝑂(𝑣𝑣𝐹𝐹2 𝑐𝑐2⁄ ) terms ignored 
2D 

version 
of [67] 

Graphene 1 −
𝑣𝑣02

𝑣𝑣𝐹𝐹2
 

1
4

< η𝑞𝑞 <
1
2

 
[20],[21],
[22], and 
this work 

𝜔𝜔 

𝑞𝑞 

η𝑞𝑞 = 1 
η𝑞𝑞 → 0 
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